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PEEFACE 


The object of this book is to present a logical development 
of electromagnetic theory founded upon the prmciple of rela 
tivity So far as the author is aware the universal procedure 
has been to base the electrodynamic equations on the experi 
mental conclusions of Coulomb Ampeie and Faraday even 
books on the principle of relativity gomg no farther than to 
show that these equations are covariant foi the Lorentz Emstem 
transformation As the dependence of electromagnetism on the 
relativity principle is far more mtimate than is suggested by 
this covariance it has seemed more logical to derive the electro 
dynamic equations directly from this prmciple 

The analysis necessary for the development of the theoiy has 
been much simphfied by the use of Gibbs vector notation 
While it is difficult for those familiar with the many conven 
lences of this notation to understand why it has not come mto 
universal use among physicists the behef that some readeis 
might not be conversant with the symbols employed has led to 
the presentation m the Introduction of those elements of vector 
analysis which are made use of farther on m the text 

Chapter I contams a brief account of the prmciple of rela 
tivity In the second chapter the retarded equations of the 
field of a point charge are derived from this prmciple and m 
Chapter III the simultaneotfs field of a movmg charge is dis 
cussed m some detail In the next chapter the dynamical equa 
tion of the electron is obtamed and m Chapter V the general 
field equations are derived Chapter VI takes up the radiation 
of energy from electrons and Chapters VII and VIII contain 
some apphcations of the electromagnetic equations to material 
media chosen as much for their illustration of the theory as 
for their fundamental importance Thioughout great pains 
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ha\e been taken to distinguish between definitions and assump 
tions and to carry on the phys^cal reasoning as rigorously as 
possible It IS hoped that the book may be found useful by 
those lecturers and students of electrod;^ namics who are looking 
for a logical rather than a historical account of the science 
The subject matter covers topics appropriate for a one year 
graduate course m electrodynamics and electromagnetic theory 
of light 

The author wishes to acknowledge his debt to those great 
thmkers Maxwell Poyntmg Gibbs Lorentz Larmor and Em 
stem and to express his appreciation of the mspiration and un 
failmg interest of his former teacher Professor H A Bumstead 
His thanks are due his colleague Professor H S Uhler for many 
suggestions tendmg toward greater clearness of exposition 

LEIGH PAGE 

Yale Univeesitt 
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AN INTRODUCTION TO 
ELECTRODYNAMICS 

INTRODUCTION 

ELEMENTS OF VECTOR ANALYSIS 

Addition and multiplication A vector is defined as a quantity 
which has both magnitude and direction It ill be designated 
by a letter in blackface type its scalar magnitude bemg repre 
ented by the same letter in ztaUcs Geometrically a vector may 
be represented by an arrow having the direction of the vector 
and a length proportional to its magnitude The begmnmg of this 
representative straight Ime is known as its orzgtn and the end 
as its terminus To add two vectors P and Q place the origm 
of Q at the termmus of P Then the Ime drawn from the 
oiigm of P to the termmus of Q is defined as the sum of P 
and Q To subtract Q from P reverse the direction of Q and 
add The components of a vector aie any vectors whose sum is 
equal to the origmal vector Although strictly speaking the 
components of a vector are themselves vectors the term com 
ponent will often be used to denote the magnitude alone m 
cases where the direction has already been specified 

A vector is often determmed by its components along three 
mutually perpendicular axes X Y Z These axes will always 
be taken so as to constitute a right handed set that is so that 
a right-handed screw parallel to the Z axis will advance along 
this axis when rotated from the X to the I axis through the 
right angle between them Let i, j k be unit vectors parallel 
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respectively to the X F -Z" axes Then if the projections of P 
along these axes are denoted hj P Pj P 

P = Pi+^3+Pk, (1) 

and obviously 

P + Q = (-^ + a)i + (^ + ^,)3 + (-P + a)k- (2) 

If two or more vectors are parallel to the same straight Ime 
they are said to be eollinear If three or more vectors are pai 
aUel to the same plane they are said to be coplanar 

Two vectors P and Q may be multiplied together in three 
different ways The most general type of multiplication yields 
the undetermmed product given by 

PQ = PQ^n + P + P Q ik 

+ ^Q + (3) 

+ PQ]si+PQ^'k}+PQTsk 

This product is neither vector nor scalar it is known as a dpad 

The vector or cross product of two vectors is a vector perpen 
dicular to their plane in the direction of advance of a right 
handed screw when rotated from the first to the second of these 
vectors through the smaller angle between them Its magnitude 
is equal to the product of the magnitudes of the two vectors by 
the sme of the angle between them Therefore 

PxQ = -QxP (4) 

Geometrically this vector product has the magnitude of the 
parallelogram of which P and Q are the sides and a direction 
at nght angles to its surface It follows from simple geometrical 
considerations that the distributive law holds for this product 
that IS C’ + Q)xR=PxR + QxR (5) 

Therefore msertmg crosses between the vectors m each term 
of (8) 

PxQ=(^a-P«„)i + (P^*-PG)j+(P<?,-4Q)k (6) 

The scalar or dot product of two vectors is a scalar equal in 
magnitude to the product of the magnitudes of the two vec 
tors by the cosme of the angle between them Obviously the 
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distnbutive lavi holds for this product Therefore inserting 
dots between the vectors m each term of CS) 

+P^Q^+FQ (7) 

The triple scalar product 

(PxQ)R 

evidently measures the volume of the parallelepiped of which 
P Q and R are the edges Hence the position of cross and 
dot m this product is immaterial and its sign is changed bj 
mterchangmg the positions of two adjacent vectors 

The triple vector product 

(P X Q) X R 

IS obviously a vector m the plane of P and Q From simple 
geometrical considerations it follows that 

(PxQ)xP = P'Q-PQP, (8) 

and (PxQ)xQ = PQQ-eP (9) 

Now R may be written 

R = aP + 5Q + c(P X Q) 

Therefore 

(PxQ)xR = a(P xQ)xP + J(PxQ)xQ 

= (aP* + 5P Q) Q - (aP Q + 6 P 
= P RQ - Q RP (10) 

This important expansion may be put m words as follows 
Dot the exterior vector mto the remoter vector mside the pa 
rentheses to form the scalar coefficient for the nearer one then 
dot the exterior vector into the nearer vector to form the scalar 
coefficient for the remoter one and subtract this result from 
the fiist 

The vector operator V(read del) is of great importance m 
mathematical physics This quantity is defined as 

d . 3 . , a 
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Let ^ be a scalar function of position m space Then 

IS known as the gradient of ^ It may easily be shown to rep 
resent both m magnitude and direction the greatest (space) rate 
of merease of <f> at the point m question 

Let V=ri + F] + rk 

be a vector function of position m space Then 


VV= 


dx 


dg dz 


( 12 ) 


IS known as the divergence of V If V is the flux of a fluid 
per unit time per unit cioss section the divergence of V is the 
excess of flux out of a unit volume over that mto this volume 
If the fluid IS mcompressible the divergence is obviously zero 
except at those pomts where sources or smks are present 
The vector 


\og dz)^^\dz dxj^^\8x dg) 

is known as the curl of V If V specifies the Imear velocities 
of the pomts of a ngid body the curl is equal in magnitude and 
direction to twice the angular velocity of rotation 
The following identities may easily be verified by expansion 


VxV<j>=0 

VVxV=0 

VxVxV=W V— V VV 


(14) 

(15) 

(16) 


Gauss’ Theorem In treatmg vector mtegrals volume surface, 
and hne elements will be denoted respectively by dr da- and 
The direction of an element of a closed surface will be taken 
as that of the outward drawn normal and the direction of an 
element of a closed curve wfll be taken as that m which a right 
handed screw passmg through the surface bounded by the curve 

must rotate m order to advance toward the positive side of 
this surface 
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Let V be a vector function of position m space Then Gauss 
theorem states that 




V da- 


(17) 


where the surface integral is taken over the surface a- bounding 
the volume t 

This theorem may be proved m the following way In rectan 
gular coordinates 

Jv Vdr = + ^ + 

Let y z and y z\>& the pomts of intersection of the 
surface boundmg r with a hne parallel to the X axis Then 

J'^dxdydz= J{V (x^ y z')-V (x^ y z'))dydz 
= J V dydz 

Therefore J'^ Vdr =J' (V dydz -{-Vydzdx + V dxdy') 


=/ 


V da 


Stokes Theorem If V is a vector function of position m 
space Stokes theorem states that 


/v.y 


V d\ 


(18) 


where the hne mtegral is taken over the curve \ boundmg the 
surface a 

To prove this theorem proceed as follows In rectangular 
coordinates 



6 AN INTRODUCTION TO ELECTRODYNAMICS 


Let X Zj and x z^ be the points of intersection of the 
penphery of o- with a plane parallel to the YZ coordinate plane 
Then taking account of the signs of the differentials involved 


J^^dzdx-^dxdy ^— (» ^ + dy e + dz) 

-V (x y + dy z)}dx+{F (x y + dy z)— F„(a! y z')}dx'\ 
=j'{V (x y^ z^-r (x y^ z^}dx 

=jfFda; 

Therefore J' VxV dtr= J'(V dx + V^dy + V dz") 

=£v dX 


Dyadics A dyadic is a sum of a number of dyads The first 
vector in each dyad is called the antecedent and the second the 
consequent Any dyadic may be reduced to the sum of three 
dyads For if the dyadic \}r is given by 

\|f = al + bm + cn + do, (19) 

the vector o may be written 

o=/l+5in + An 

whence = (a +/d) 1 4- (b + ^d) m + (c + Ad) u (20) 

Si milar ly if either the antecedents or consequents of a dyadic 
are coplanar the dyadic may be reduced to the sum of two 
dyads Such a dyadic is said to be planar If either auteced 
ents or consequents are collmear the dyadic becomes a single 
dyad and is said to be linear 
Consider the dyadic 

>|i = al+bm + ai 

If P IS a vector 

ijf P = alP+bmP + caP 

IS also a vector Dotting a dyadic mto a vector then gives rise 
to a vector havmg a new direction and magnitude This new 
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vector IS a linear vector function of the original one If a djadic 
IS planar it wdl reduce to zero vectors having a certain duec 
tion and if it is linear it will cause all vectors parallel to a 
certain plane to vanish 

Obviously any dyadic may be written m the expanded form 

ij/ = a^,n + V]+ 

+ + + ( 21 ) 

+ + a^kk 


It will now be shown that any dyadic may be put m such a 
form that its antecedents and consequents each constitute a 
right handed set of mutually perpendicular vectors Let a be 
a unit vector of variable direction extendmg from the origm 

Then p = ij/ a 

describes a closed surface about the origm as a varies m direction 
This surface may easily be shown to be an ellipsoid Let i be 
the value of a for which p assumes its maximum value a Now 
consider all values of a lymg m the plane perpendicular to i 
Let ] be the value of a in this plane for which p assumes its 
greatest value b Fmally let k be a unit vector perpendicular 
to 1 and j in the sense that will make i j k a right handed set 
Let c be the value of p when a equals k Then as the djadic 
changes i 3 k into a b c it may be written m the form 

\}f = ai + bj + ck 


Now P = (ai + b] + ck) a, 

tZp = (ai + b] + ck) da, 

P dp = P ai (fa + p b] da + p ck (fa 
When a is parallel to i p has its maximum value a and 
therefore ab] da + a ck da = 0 


If moreover da is perpendicular to 3 a c vanishes and if da 
IS perpendicular to k, a b vanishes Hence a is perpendicular 
to both b and c 
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Now let a be restricted to tbe jk plane Then 
p dp = p b] + p ck 

When a is parallel to j p has its greatest value b and therefore 
b c vanishes Therefore a b and c are mutually perpendicular 
If they do not form a right handed set the direction of one of 
them may be reversed provided its sign is changed Hence if 
h h K. constitute a right handed set of mutually perpendicular 
unit vectors parallel respectively to a b c the dyadic may be 

= ai^i + 5] j + ckj.k (22) 

If = al + bm + cn, 

the conjugate of t(f is defined as 

=la + mb4-nc, 

and a dyadic is said to be self conjugate if it is equal to its 
conjugate Obviously if ifr is self conjugate 

\IfP = PiJf (23) 

The idemfactoi I is defined as 

I = u + j3 + kk 

= iiii + JiJi + kilq 

Evidently this dyadic is self conjugate and moreover 

IP = P (24) 

It wiH now be shown that any complete self conjugate dyadic 
may be written m the form 

T|f=au + 533 + ckk, (25) 

where i, j k constitute a nght-handed set of mutually perpen 
dicular umt ^eetors 

It has already been shown that the dyadic may be written 
i^=aiii + 5]j + ckik 
Now as i|r is self-conjugate 

= «a, + SjJ,+ 5tk, 



ELEMENTS OE VECTOK ANALYSIS 9 

Form the products 

\|f^= a\i^ + 6 3 + c%.ki, 

and \Jf \|r = a u 4“ -h <?^kk 

These are equal as the dyadic is self conjugate Therefore 

= \|/ \j/ = \J/ \|/ 

Now consider the dyadic 

\|/® - a I = JiJi a) 

Obviously — a^I) = 0 

But as i}/® — a^l = (V — J j + (c — ) kk, 

it follows that — a^I) i = 0 

Hence as (\|/* — is planar but not linear must be 
parallel to i Similarly must be parallel to j and k^^ to k. 



CHAPTEK I 


THE PRIHCIPLE OF RELATIVITY 

1 Motion The concept of motion comprises two essential 
factors a mmng element and a refere/me lody relative to which 
the motion takes place A gram of sand lymg on the floor of a 
railway car is not m motion at all if the car itself is chosen as 
reference body although it may be movmg rapidly relative to 
the earth. If however the car the earth and all other objects 
save the gram of sand are removed the lack of a reference body 
makes it impossible to form a conception of motion 

A movmg element is characterized by a point — whether m 
a material body or not — which can be contmuously identified 
In the following discussion a point always will be understood 
to have this property A reference body is essentially a group 
of pomts along the path of a movmg element together with a 
device for assignmg numerical values to the intervals of time 
between comcidences of the moving element with successive 
pomts of the body and to the distances between these pomts 
For such characteristics are obviously necessary m order to 
make possible quantitative evaluation of the motion of the 
movmg element 

2 Reference system A reference system is an assemblage of 
pomts fillmg all space A device is provided for indicatmg 
tune at these pomts m such a way as to assure synchronism 
aocordmg to some arbitrary standard and for measuring distances 
between them This device is subject to the following con 
ditions but otherwise it is quite arbitrary 

(1) Two pomts which are m synchronism with a third are 
also m synchronism with each other 

(2) The distance between two pomts is independent of the 
tune at which it is measured 
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Thus a reference system serves as a reference body for any 
movmg element It must not however be imagmed to offer 
any obstruction to the motion through it of such an element 
or of another refeience sjstem 

A material body of finite extent may be considered to consti 
tute a leference system if the pomts of the body itself are sup 
posed to have pomts outside associated with them m such a 
way that the whole assemblage possesses the properties described 
above In order that the material part of snch a system shall m 
no degree obstruct the motion through it of a movmg element 
those portions of it which would be m the waj may be regarded 
as temporarily removed 

The motion of a given movmg element may be described 
relative to an mfinite number of reference systems However 
these systems are not in general of the same significance Foi 
let A B and C be three systems from which the motion of the 
moving element P may be observed Suppose it is found that 
the motion of P relative to A is conditioned by that of B but 
IS independent of that of C In such a case the motion of P is 
said to be related to B which is known as a related reference 
system C on the other hand is an um elated or ideal lefer 
ence system Thus for the motion of a shot the gun from which 
it IS fired constitutes a related reference system The velocity of 
a sound wave is determmed not by the motion of the source 
but by the characteristics of the medium through which it passes 
Hence in this case the source is an ideal reference body while 
the medium is a related one 

3 Prmciple of relativity In the case of light it has been 
generally recognized ever smce the vmdication of the wave 
theory by Young and Fresnel that the source does not consti 
tute a related reference system Recent analysis of the observed 
motion of certam double stars has confirmed this supposition 
But most physicists have felt it necessary to postulate the exist- 
ence of an aUpervadmg medium m order to form a mental 
picture of the propagation of light waves through otherwise 
empty space For a long time they were accustomed to attribute 
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to this medium 1 nown as the ether the properties of a related 
reference system Fmally Michelson devised an experimental 
method of measurmg the velocity of the earth relative to the 
ether based on the assumption that the ether is a related refer 
ence s;ystem for the motion of light Much to everyone s 
surprise this velocity turned out to be zero Excluding the 
possibility of the earth s bemg at rest relative to the ether and 
one or two other equally improbable explanations the only con 
elusion to be reached was that the assumption that the ether is a 
related reference system for the motion of light was unjustified 
The mference to be drawn from the result of this experiment 
then may be embodied m the followmg pimciple of negation 

Vor the motion of an effect which travels through empty space 
such as a light wave or one of the moving elements which form an 
electromagnetic or a gravitational field there is no related refer 
ence system 

An immediate consequence is contamed m the following 
statement 

If a law governing physical phenomena which are conditioned 
solely hy those effects which travel through empty space is deter 
mined from observations made in two different reference systems 
the form of this law and the values of the constants entering into 
it can differ in the two cases only in so far as the geometry and 
devices for measurmg time and distance together with the units 
of these quantities may differ in the two systems Their relative 
motwn in itself can effect neither the form of the law nor the 
values of the constants involved This is the principle of general 
relativity 

Consider two reference systems which have the same geometry 
devices of the same character for measurmg time and distance 
and mterchangeable units of these quantities Such systems 
may be said to be reeiprocad It follows that 

A law governing physical phenomena which are conditioned 
solely by those effects which travel through empty space has the 
same farm and its constants have the same values for two mutually 
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reciprocal systems In the subsequent discussion the phrase 
principle of relativity will be understood to refer to this 
restricted form of the general principle 

4 Reciprocal systems Consider two reciprocal Euclidean 
systems S and 8' such that all points of S' ha-ve the same 
constant velocity v relative to 8 Let hght travel m stiaight 
Imes in 8 with a constant speed c Then the prmciple of 
relativity requires that light shall tra\el in straight Imes in S' 
with the same constant speed e Let A and B be two pomts 
of either system a distance Ar apart Since the speed of light 
IS the same m all directions the time At taken bj a light wa\ e 
m passing from A to B as measured m the system m which 
these two points are located is the same as that taken by a 
light wave m travelling from B to A Moreover 

Ar = cAt (1) 

5 Differential transformations Let a set of right handed 
axes XYZ be fixed m so that the X axis has the direction of 
the velocity of S' Let a similar set of axes X'Y'Z' parallel 
to XYZ respectively be fixed m S' Let x y z and t be the 
coordmates of a point and the time at the pomt as measured 
m S and d y' ^ and t’ the correspondmg quantities as meas 
ured in S' It is desired to obtam x' y' 2 ' and ^ as functions 
oi X y z and t Let A! and B' be two neighboring pomts of S' 
A light wave leavmg AI at the time t arrives at B' at the time 
t + dt^ and one lea\ mg B' at the same time t reaches AI at the 
time t + these times bemg measured m /S' If the coordi 
nates of A and B' relative to S at the time t are denoted bj 
X y z and x-\-dx y + dy z + dz respectively the time dt' taken 
by the first wave to travel from A' to B' as measured m S' is 

dtl = — (dx + vdtA + — dy-\ dz + — dt 

ox ^ '■ dy oz dt ' 

and the equal time taken by the second wave m passmg from 
B' to A' IS 
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Subtractmg 


and adding 


( 2 ) 

(3) 


3ut the squares of the distances travelled by the Tvave going 
from A' to B' and by that passing from B' to A' as measured 
m are respectively 

= (da; + vdt^y + H- d^ 

<?dtl=(dx — vdt^’^+ d^+ cfe® 

Hence ~ (4) 


dt^-\-dt^= 


c^— w* 


dr 


(5) 


where dr®= d3?+ d^Ar dz® and is the component of v at right 
angles to dr Substitutmg this value of dt^— dt^ m (S) 


1 ^ dt' , H' - 


where /S = - 
c 


Now da: dy and dz are arbitrary Hence their coefficients 
must vanish, that is 


at' _ $ dt' 
dz c dt 

(6) 

Stf A 


%- 

(7) 

dt’ - 


t» 1 

II 

e 

00 


Therefore the complete differential dt' is given by 

dt =-^dt + — dz + ~dy + — dz 
^ dz dy ^ dz 
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To obtam dr' substitute (5) and (6) m (8) Then 

Giving dr the values dx^ dy and dz it is seen that 


dt' 

— dx 
dt ^ 

(10) 


(11) 


(12) 


Now dx^ m (10) IS the distance of B' from A' when the time 
s the same at the two pomts If dx is the distance of the position 
if B' at the time t + dt from that of A! at the tame t 

dx^ = dx — vdt 

So (10) becomes 

dx' = (dx — vdf) 


Smce the units of length m S and S' are mterchangeable it 
ollows from symmetrj that dy' = dy and dz' = dz Hence if 


k = 


1 


dt 


= Je 


Hence the differential transformations between the two 
cnis a»r6 / R \ / R \ 

dt' = k\dt — — dx) or dt — k\dt'+ — d3d) 

dx' =k(dx — vdf) dx = k (dx' + vdt') 

dy'=dy dy — dy' 

dz'=dz^ dz = dz'y 


sys 

(13) 

(14) 

(15) 

(16) 
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where the second column is obtamed from the first by solving 
for the unprimed differentials or by changmg the sign of v 
From these expressions it follows that 

dr'^- dr^- c^df 

IS an invariant of the transformation 

Now the velocity w' of a pomt of S relative to S' is obtamed 
by dividmg did by dt' z remainmg constant Therefore 

‘d=— V 

as might have been expected from considerations of symmetry 
6 Space and time transformations Integrating the differ 
ential relations (13) to (16) and determming the constants of 
integration on the assumption that the origins of the two sys 
terns are in coincidence when the time at each is zeio 


t'= — 

or ^ — 

(17) 

\ c / 

\ 0 i 

a/= lc(z — i}t') 

z = k(id -k-vt’') 

(18) 

y'=y 

y=y' 

(19) 

z'= z 


(20) 


These four relations are known as the Lorentz Einstein 
transformations 

Consider a moving element whose velocity components rela 
tive to N are F and V Prom the differential relations of 
the preeedmg section it follows at once that 
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For the resultant velocity 



Hence if F= <? F'= c also as should be Now 



so the velocity of light is the only velocitj independent of v 
which IS the same for the two systems 

Suppose that the velocity of S' relatue to *? is nearly as 
great as the velocity of light Then )S = 1 — S where h is small 
Consider a body movmg in the X’ direction with a velocity 
relative to S' only slightly less than the veloeitj' of light 
Then F^= c(l — e) where e is small Equation (21) gi\es for 
the velocity of this body relative to S 

T. . 2-S-e 

^ ‘'2-8-e + Se 



whence F is less than c For example if u = 0 9 c and F' = 0 9 <? 
F would be 1 8 <? accordmg to nmeteenth century conceptions 
of space and time But the addition theorem of velocities just 
obtained from the prmciple of relativity gi\ es F = 0 994 c 
The relations between components of acceleration as measured 
on the two systems are obtained by differentiating equations (21) 
to (23) with respect to the time remembering that 


d _dt d 
dt' dt' dt 
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These relations are 


/'=-7 — TV 


f.--Xfyy -f^y) 




f-^Cfv ~fV) 




>»="7 rv 

f f (25) 

^(1+^7) 

f- 7 yr^ W 


Suppose that the movmg element is at rest m 8’ 

Then the 

second column becomes 

II 

(27) 


II 

(28) 


II 

(29) 


7 Four-dimeasional representation The Lorentz Emstem 
transformations can be represented very simply by a rotation m 
a four-dimensional manifold For consider a set of rectangular 
axes XYZL m four-dunensional space such that the distances 
X y z of a movmg element from the ongm of S are measured 
along the first three axes and the quantity l^%et along the 
fourth axis where * = Y'— 1 The position of a movmg element 
at a given time is represented by a pomt m this space and the 
locus of the positions of such an element at successive mstants 
by a hue This Ime is called the woTld Zvns of the movmg 
element Thus the world Ime of a body permanently at rest 
relative to ^ is a straight line parallel to the L axis The world 
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line of a point moving with velocity V relative to /S' is mclmed 
to the L axis by an angle (j) such that 

tan(i)=- 2 - 

e 

Hence the world Ime of a point of S' is parallel to the IL 
plane and makes with the L axis an angle a given by 

tana=-zj8 ma^lt 

Therefore in terms of a; y 2 and Z the Lorentz Emstem trans 
formations take the form 

or l=l'ma-’hm (30) 

:c'=a!COsa-Isin(i: x=xlmaj-l'ma (31) 

y=/ (B2) 

2 ' = 2 z = z' (33) 

amounting formally to a rotation of the I and i axes through 
the imagmary angle a 



CHAPTER n 


THE RETARDED FIELD OF A POINT CHARGE 


8 Electric Md Continuous lines may be imagmed to spread 
out from every elementary electric charge in such a way as to 
div erge uniformly m all directions when viewed from the system 
m which at the mstant considered the charge is "at rest These 
lines are called hm% of force and taken 
together they constitute the charge afield 
The number of Imes emanatmg from an 
element of chaige de will be supposed to 
be very large no matter how small de 
may be A bundle of M Imes where Jf 
IS a very laige number will be considered 
to constitute a tide of force The field 
strength or electric xntemity E at a pomt 
m a field is a vector havmg the direction 
of the lines of force at that pomt and equal m magnitude to 
the number of tubes per unit cross section Thus if dN tubes 
pass through a small surface of area dcr whose normal makes 
an angle 9 (Fig 1) with the field the magnitude of the field 
strength is given by 

JS = — ' 

dor COS 9 



Hence the component of the field strength parallel to der is 




dN 

d(T 


or m vector notation 


E, 


= — 
dcr* 


The ratio of the number of tubes of force divergmg from a 
charge to the magmtude of the charge determmes the unit of 

20 
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charge The simplest umt and the one which will be used m 
the following pages is that which makes the charge at anj’ pomt 
equal to the number of tubes of force di\ ergmg from that pomt 
This unit is the one ad\oeated by Heaviside and Lorentz and 
as will appear later is smaller than the usual electrostatic unit 
by the factor ^ 

V4Tr 

9 Motion of a field Consider an electric field which is being 
observed from the two reference systems S and aS' of the pre 
vious chapter The prmciple of relativity requires that the 
velocity of the movmg elements comprismg the field shall have 
the same numerical value no matter whether observations are 
carried on m N S', or some other system reciprocal to one of 
these In section 6 it was shown that the velocity of light is the 
only velocity which satisfies this condition Hence the movmg 
elements constitutmg an electric field must have the velocity 
of light 

Suppose a charged particle to be permanently at rest m S 
Although the movmg elements constitutmg its field are m 
motion with the velocity of light the Imes of force themseh es 
are stationary Hence the motion must be entirely along these 
Imes Now consider a charged particle movmg with a constant 
velocity V relative to S As the charge carries its field along 
with it the velocity of a movmg element will be along the lines 
of force only at pomts m the line of motion At all other points 
this velocity will make an angle with the hues of force which will 
be greater the greater the speed Therefore m general the com 
plete specification of an electric field due to a charged particle 
requires the knowledge at every pomt of the values of two vec 
tors the field strength E and the velocity c Both magnitude 
and direction of E must be given but as the magnitude of c 
IS known its direction only is required 

10 Transformation equations Suppose that the field strength 
E and velocity c relative to S are known for the field due to a 
pomt charge It is desired to find the values of these quantities 
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as measured m S' Let F and Q (Fig 2) be two neighboring 
pomts on the same Ime of force the coordmates of Q rela 
tive to F being dx dy dz when the time is the same at 
the two pomts 
accordmg to 
the standards 
of 8 Then if 
the time at Q 
should be later 
by (ft than that 
at F the coor 
dmates of Q 
relative to F 
would become 

dx^= dx+odt 
dy^=dy+e^dt 
dz^=dz+cdt Fig 2 

Now m order that the times at F and Q should be the 
same when measured m equation (13) of section 5 shows 
it to be necessary that 

— ^ dx. 
c ^ 

Hence T7hen 0 

7 dx 
dx= 

c 

^~dx 

— 

€ 

0—dx 
dz^ =dz-\ ^ — 

1-ySl 

e 
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Substituting m tbe tranblormation equations (14) to (16) 
second column of section 5 


dx' = 



dy'=dy + — 

1-^1 

c 

^—dx 
dz’= dz H 

1-/Si 

e 


are found to be the coordmates of Q relative to P as measured 
m S' when the time is the same at the tw o points aeeordmg to 
the standards of this system The position of Q at this time is 
shown by Q' on the figure Consequently the lines of force m 
S' extend from P to Q' mstead of fiom P to Q as m 

Let hN be the number of tubes of force passing through the 
area SySz in S Then smce Sy' = Sy and Sz' = 


Moreover 


Hence 


and similarly 


Sy'Sz' SySz 

P _ A _P 
dx dy dz 

dd dy' dz' 

dy — ^ 




dx 


= a{p,-^(cxE)} 
11' = 1c\b +^(cxE),]- 
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The magnetic iniensity H is defined by 

Hs-(cxE) 

e 


Therefore JE' = 


(1) 

(2) 



(B) 


where the primed and unpnmed quantities may be interchanged 
provided the sign of w is changed 

The transformations for c are obtamed at once from the equa 
tions (21) (22) and (23) of section 6 for transformmg velocity 
components They are 



From the transformations for the components of E and c 
those for the components of H are readily deduced For 



by definition Substitutmg the values of the components of E' 
md c' m terms of the unprimed quantities m this identity and 
n the correspondmg expressions for iTj, and IT it is found that 


H'=H 

r 1 '1 

(7) 

Hl = h{Ey+^E}^h^E-^^(j X E)„j 

oo 

Sl= h{H - 1 (v X E) ]■ 

(9) 


A field formed by the superposition of the individual fields 
>f a number of charged particles is termed a eomvlex field n 
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contradistinction to the simple field of a single elementarj- charge 
and the electric and magnetic mtensities m such a field are defined 
as the vector sums of the correspondmg mtensities of the com 
ponent simple fields It is to be noted however that the velocity 
c in so far as its direction is concerned always refers to the field 
of an element of charge and never to the resultant of a num 
her of such simple fields superposed If it is desired to avoid 
explicit reference to the components of a complex field the field 
must be described by means of equations which do not m\ oh e 
the direction of motion of the constituent movmg elements 
Smce the transformations that ha\ e been obtained for E and 
H due to a smgle pomt charge are linear m these quantities 
they apply as well to complex as to simple fields 

11 Pomt charge at rest Let e (Fig 3) be a pomt charge 
momentarily at rest at the origm of S at the time 0 It is 
desired to find the 
field strength E at 
P at a time t = rje 
where r is the dis 
tance of P from 0 
Two movmg elements 
leaving e m shghtly 
different directions at 
the time 0 will be at ^ 

P and Q at the time t 

At a time dt e will still be at 0 (to the second order of small 
quantities) Consequently a movmg element commg from e at 
this time and belongmg to the same Ime of force as that at P 
will reach some such pomt as A by the time t Similarly one 
belongmg to the same Ime of force as that at Q will reach P by 
the time t Hence if denotes the distance OA 

r = ci 



Fig 3 


and rj = (c + c?c) (i — d£) 

= ct — cdt-\-tdc, 

where |c + (Zc|=[c| necessarily or <?c is perpendicular to c 
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Put p = r — 

cdt — -dc\ 
e / 

p r = erdt 

Now since the lines of force as viewed from S diverge uni 
formly m all duections from 0 at the time 0 the number of 
tubes per unit area passmg through a small surface at F with 
normal parallel to r is 

e 

4 irr® 


Then 




Hence 


E = — ^ 

p cos QPff 

g P 
47rr p r 

— g / _ ^ 

4 TTJ^t 1 c dtJ 


( 10 ) 


Suppose that the charge e has an acceleration f relative to S 
Then at the time dt it will be at rest m some reciprocal sys 
tern S' which has a velocity fdt relative to S As the Imes of 
force diverge uniformly from the charge when viewed from the 
system m which for the mstant the charge is at rest and as 
the velocities of the movmg elements constitutmg the portions 
of these lines m the immediate vieimty of the charge are along 
the Imes themselves when observed from this system it follows 
that if two movmg elements one of which leaves e at the timA o 
and the other at the time dt are to he on the same line of force 
the velocity of the second must make the same angle in S' with 
the direction of f as that of the first does m N If the velocities 
of these two elements are denoted by c' and c and if the X' and Z 
axes are taken parallel to f 

, _ (e^ + dc')~fdt 
^ e fdt 


But, from (4) 
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Let a (Fig 4) be the angle between c and f Then 
Cj. = e cos a 
dc = — c sm ada 



Hence 


or 

Now 

which becomes m vector notation 
dc 




( 11 ) 


Substituting in (10) it is seen that if a charge e which has an 
acceleration f is momentarily at rest at 0 at a time 0 the field 
strength at a pomt P distant r from 0 at a time rjc is given bj 

where the heavy brackets are used to denote the fact that the 
quantities contamed therem are retarded that is these quan 
titles refer to the effeettve position of the charge or its position 
at a time rfc earher than that for which the field strength at 
P IS to be determined 

Smce H=i(cxE) 

by definition H = ^{(f x c) x c} x cj j (18) 

12 Point charge in motion Consider a pomt charge e which 
IS passmg the origm of S at the time 0 with velocity v and 
acceleration f Choose axes so that v is along the X axis Then 
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thib chaige is at rest at the uistant considered in a system S' 
uhieh has a veloeitj^ v m the X direction relative to S So 


and 


E' = — ^ 
Airr'^c 

4 irr'^c 


|^c'+~(fxcOxc'j 
1^— ^ {(f X c') X o'} X c' j 


are the "values of E' and H' at a pomt P distant r' from 0 at the 
time r'/c It is desired to deteimme E and H at P at this same 
instant Since the "v elocitj of light is the same in the two systems 
the tune at P will be rje m S "when it is r' Jc in k>’ Hence the 
result of the transformation about to be carried tlirough will 
gi\e E and H at P at the time rJe 

Let a be the angle in S' which the Ime OP makes with the X' 
axis Without loss of generality this Ime may be supposed to he 
m the X' Y' plane The Lorentz Einstein transformations give 

r' cos a' = h (cos a — 
r' sm a' = r sm a 


whence 


/ =s (1 — cos a) 


cos a' — 


cos a — 

1 — yScosa 


^(1 — yScosa) 

Fiom (4) (5) and (6), o' = ~ ^ — 

1 — p cos a 

c> = — _£ 

” k(l~^cosa') 
c' = 0 

and from (27) (28) and (29) of section 6 

f =A!f 
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Jvow 

E=h' 


:j;^[e' + ^{(f'xc-)xc'} 


'Ox c'),{l+/S^}-{(f X cO X 

E = 'k{E'-fiE^ 
ek 


4cTnr’ 


-[o+^ftfxcOxolll+yS^}] 


Substituting for the primed letters their values m terms of 
the unprimed ones and leducmg 

“ 4»,^i»c(l-/3eos»)*[“ - *■ + 7 «* X X c) ] 

X').] 

” 4 irr*«r'c(l - ;8 cos <»)•[*’ + ■? K* x (c - v)} x c) j 

L4--^<i-¥) 

H may be obtained from and E' m an exactly analogous 
manner but it is more easily found directly fiom the abo^e 
expression for E For 

H=i(cxE) 

whence ^ 


H = 




4 


|-cxv+^ 


cx({fx(c-T)>xc) I (15) 


'I 


These expressions for E and H it must be remembered give 
the values of these vectors at P at the time rjc in terms of v 
and f at 0 at the time 0 c having the direction of the Ime OP 
In other words all the quantities within the heavy brackets are 
retarded Each expression consists of a part mvoJj(fp^tReTirverse 
second power of the radius \ector ? and 
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in\ eibe first power onlj The latter depends upon the acceler 
ation of the element of charge and the part of the field which 
it determines is known as the charge s radtatim field 

13 Retarded potentials In differentiatmg expressions such 
as those mvoh ed m (14) and (15) account must be taken of the 
fact that the quantities enclosed m the heavy brackets are 
retarded Let be a scalar whose value at P at a time t is 
given m terms of the position and velocity of a charged particle 
at 0 at a tune t — rft where r is the distance OP Then if the 
eoordmates x y zoi P relative to 0 remam unchanged 

■*[+!=[$*] 

where since dt = \dt[ + 


it follows that 


Consequently 


or symbohcally 



(16) 


On the other hand if x changes by an amount dx while y z 
and t remain constant 

\dx[ = dx 



where 
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Hence 


dx 


K]- 


c 


C V 




and similar expressions hold for differentiation with respect to 
y and z Therefore 


V = [V] 


c 

? 


C V 




(17) 


Consider the retarded scalar potential function 




It will be shown that E and H due to a pomt charge may be 
expressed as denvatives of this function m much the same waj 
as the field strength due to a pomt charge m electrostatics may be 
given m terms of the gradient of the potential function 1/r For 

c v' 




v[t]= 




r^ell 





cf| + v^l 

c vV 
) 






+ Jcf}y 

7J ' 

4 -^: 

J 


Therefore 





32 AN INTRODLCTIOX TO ELEGTRODINAMICS 


and comparison with (14) shows that 
Moreover 

V X = [t] V X - [jjx V m 

-fsCXf |(l-^^) + ^3Cf|cX V 

— (l-/3)cxv+-^c x({fx(c — v)}xc) 

and comparison with (15) shows that 



\\ hether the field is due to a smgle pomt charge or to a 
number of such charges if 



(18) 


"2[4„.(i_-)] 


then 


(19) 

( 20 ) 
( 21 ) 

Hence an electromagnetic field may be specified by the values 
at all pomts and times of either the two vectors E and H or 
the scalar potential ^ and the vector potential a 


E=-V^--a, 

o 

H = Vx a. 



CHAPTFR III 


THE SIMULTANEOUS FIELD OF A POINT CHARGE 

14 Constant velocity Let a point charge e which has a 
constant velocity v relative to S be at the origin O of /S at the 
time 0 It IS desired to find the \ alues of E and H at a point jP 
(Fig 5) at the same mstant m terms of 
the coordinates of _P and the velocity v 
Choose axes so that the velocity of the 
charge is along the X axis and the point 
jP is in the X 1 plane The pomt Q occu 

pied by the chaige at the time — - is its 

effective position Hence equation (14) 
section 12 gives for the field strength 
at JP at the time 0 


4 (1 — yS cos ay 

Now = 

and therefore the vector c — v and consequently E have the 
direction OJP 

From the geometry of the figure 

= /3V + + 2 PrJP cos 0 

or — = Vl— — yS cos^ 

r 

Hence ^[c — v| = Vl — yS® cos 6 

Moreo\ er 

* In order to avoid cumbersome equations in this and the succeeding article 
the retarded quantity r is not enclosed in brackets 

33 
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Therefore B = — ^ — (1) 

4TrR®(l-yS*sin®^/ 


The magnetic intensity H is directed upward at right angles 
to the plane of the figure Its magnitude is given by 

ir=^sm(d-a) 

But esm(d— a) = vsmd 


Hence 


e (1 — sm d 

4 7r-B* (l-yS sm'^/ 


( 2 ) 


The expression for E shows that the Imes of force diverge 
radially from the moving charge (Fig 6) but mstead of spread 
mg out uniformly m all directions 
charge they are crowded together m 
the equatorial belt and spread apart 
m the polar regions The greater 
the speed the more pronounced this 
dispanty until if the velocity of 
light IS attamed the entire field is 
confined to the equatorial plane 
If hues are drawn so as to have 
everywhere the direction of the vector 
H, these magnetic Imes of force will 
be circles m planes at right angles 
to the hne of motion with centers lymg on this Ime If the 
magnetic hues hke the electric hues mdicate by their density 
the magmtude of the correspondmg vector a similar crowdmg 
together m the equatorial belt and spreadmg apart m the polar 
regions will exist. However the total number of magnetic Imes 
of force m the field unlike that of the electric type will be 
greater the greater the speed of the chaiged particle 

15 Constant acceleration Consider a pomt charge movmg 
with an acceleration ^ which always has the same value relative 
to that system, reciprocal to S m which the chaige happens to 
be at rest at the mstant considered Let this charge come to 
rest momentarily at the ongm O of jS at the time 0 It is aesned 



Fig 6 
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to find the yalues of E and H at a pomt P (Fig 7) at the same 
instant m terms of the eoordmates of P and the acceleration 
Choose axes so that <}> is along the X axis and P lies in the 
XY plane The effective position of the 
charge is the pomt Q which it occupied 

at the tune — From (27) section 6 
c 

f=4>o-0y 

Integratmg the velocity at Q is found 
to be given by 

<f>r 




4 


<f> 



1 + 


and the distance OQ by 

If the components of E along and at right angles to QP are 
detennmed separately it follows from equation (14) section 12 
that 

e 1 


E = 


[: 


_4 irr^l^ (1 + /S cos a) 




( 8 ) 


E =0 

showing that E is parallel to c 
Now from geometry 


r=B- 






(T 


Pcos^=}*cosa+ OQ 


1+— cos^ 


Hence l+fi cos a = 


4 


1 + 
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Substituting in the expression for E 

e 1 


E = 


(l + ^OOS^-^ 


t^\ 

4cV 


( 4 ) 


To find the components of E along and perpendicular to OP 
it IS necessary to obtam the values of cos S and sm S h rom the 
geometrj of the figure it follows that 

1 + ^ cos 9 

Q y 

cos S = . 


4 


e® 4 c* 


sn6: 


<f>E 

2c® 


sm^ 


^ /r 


eos0- 


■ 4c* 


whence 


■^''“47rE® / 


1 + cos9 
2c 






( 5 ) 






(pR 

2 c® 


sin0 


4 ^rP® 


<j>R 


<f)^R 


( 6 ) 


1 + 1 ^ 008 ^+: 

\ c 4 c 


To obtam the equation of the hues of force use may be made 
of the relation ^ 

P^ = tan8 
dB 

(f>R „ 
fjSmS 


l + ||cos« 


The solution of this differential equation is 

<^R 1 ^ 


cot0- 


2c®sm^ 
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where h is the constant of integration W riting this equation in 
the form ^ ^ ^ g^^ ^ ^ ^ 7 ) 

it IS seen that the hues of force are circles passmg through 0 
with centers m a plane at right angles to the X axis and at 
a distance — c®/<^ from 0 Fig 8 shores the section of the field 
cut by a plane through the 
X axis The full hues repre 
sent the Imes of force 

Consider an electric field 
all parts of which happen to 
be at rest in a single system 
S at the same time A sur 
face m so constructed as to 
be everywhere normal to the 
hnes of force is called a level 
surface For a field perma 
nently at rest m S level surfaces are identical with the equipo 
tential surfaces of electrostatics In the case under discussion of 



a charged particle mo\mg with constant acceleration E has been 
shown to be parallel to c simultaneously at all pomts Hence all 
parts of the field are at rest at the same time and consequently 
level surfaces can be constructed The diffeiential equation of 


these surfaces is 


^dB' 


■■ — cot S 

l + ||eos« 


ot which the solution is 



j if cos d - ^ + {B sin ef= (8) 

where h is the constant of mtegration This is the equation of 
a family of spheres with centers at the effective positions of the 
movmg charge Their traces are shown by broken hnes m Fig 8 
Smee E is parallel to c at the mstant considered H is every 
where zero 
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16 General case The retarded expressions for E and ] 
deduced m the preceding chapter show that the field at a pom 

P and time 0 is conditioned by the motion of the charge prc 

1 

ducmg that field at a time — ^ where [r] is the distance of J 

from the effective position of the moving particle Therefon 
the specification of the entire field at the tune 0 involves th( 
complete past history of the charged particle Smce for physica 
reasons the motion of this particle must be continuous the pasi 
history of its motion is contained m its present position veloc 
it} acceleration and higher time derivatives of the positional 
vector Hence the simultaneous values of E and H may be 
expressed as senes m these quantities While these series may 
fail to converge for distant poitions of the field or for very 
rapidly changmg motion their form will make evident their very 
rapid convergence for all cases to which they will be applied 
If the pomt at which E and H are to be evaluated is chosen 
as ongm and if [x\ \y\ [a] are the coordmates of the effec 
tive position of the charged particle relative to this ongm 


¥=-[g 


etc and the x component of the retarded expression (14) 
section 12 for the field strength, may be written 

Itx y z are the coordmates of the simultaneous position of the 
charge and v f f its simultaneous velocity acceleration etc 

M+l/ JL/ H 

l*’l /x ^ +o/*-X R-'* -.8 ^ 


1/1 = 4 -/. 




and similar expressions hold for the y and z components 
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Then 

[)-] = r’|l-2pmW + (vm+;9)M_|(;6m+8-vP) U 
+ ^(.„+48p+8y5M 

-iam+6*p+10S-,)^ } 

[r] 

Now put 

a= p m.h 

5 = Y 

<?=(8 ih + Sy P)F 
c?=(€in. + 48p + 8 
e = (j^m. + 5€p+108Y)i® 
whence the previous equation becomes simply 

7^ = 1— 2aT + iT — JeT®+^(£T — (10) 

I 

“At® 


After some reduction it is found that 

[(^-^V)(-“7)-f(i-^)] 

=-^{” ( 


1 — 2aT + 0+ — CT® — ^ dT* + 


40 


er 


+ 0 


-i7^T®(-l + 0 + 0 + |eT®-l^fT*+AeT® 
+ ^ 8 2 + at + 0 + ^ ct®— ^ c?t*+ ^ er® 

- i c 3 + 2 «T + 0 + 0 - ^ er® 

+ ^ §'a^T®(- 4 + 3aT+0-^ CT®+ 0 + ^CT® 

J_ 

A»1^ 


) 

) 

) 


} 
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Hence hTl~ (1 

47r) 

Returning to (10) and solving for t by successive approi 
mations it is found that 

T = l— d!(l — ^ <l + 0+ -g'<**"l“0) 

+ i6(l-2a + 3a + 0) + f&®(l-f a) 

— 1 c(l— 3« + 4ffl) — 4a)— (If 

Substituting this \alue of t in (11) and reducing the fo 
lowing expresbion is obtained for the X component of th 
electiic mtensity 

„ e* r /t 3 2 ^ 15 4 ,1,9, 

)-ro^^ } (18 

The T component of the magnetic mtensity may be obtamed 
most easilj' from the relation 

which gi\es after some reduction 

+ ak (%m - y - B m^') + 1 F (ejm - e m^') 

-|i-Cr^-7A)+|i‘(8^-S,3,) } (14) 


Equations (13) and (14) give E and H at the origm m terms 
of the simultaneous eoordmates velocity acceleration etc of 
the charge e To obtam the values of E and H at a point x ^ e 



SIMLLTA3SEOUS FIELD OF A PODSTT CHARGE 41 


due to a charge e at the origin the signs of the coordinates ni 
these two equations must be changed givmg 


^ e& r 3 , 15 ^ 1 . . 9 

+|s _ 26 . ) 


+ 


-if, 



3 

8 






) 


} ( 15 ) 


— aJeQyjm — <y Wi^)— ^1^(S m — 3 Wy)+ m — e 

+ |*“(7,/3-7^)-fnS,yS-S/3) } (16) 

where = p myfc 

5^ = -y mAr 
= (6 m — 3 -y P) Ar® 

m — 48 p— 3 7 ^) h 
m — 5 € p — 10 8 y) Ar® 



CHAPTER IV 


THE DYNAMICAL EQUATION OF AN ELECTRON 

17 Electncal theory of matter All matter will be assumed 
to be made up of positive and negative electrons An electron 
will be defined as an mvariable charge of magnitude approxi 

“a.tely 4 77(10)-“Vi^ 

Hea'viside Lorentz units distributed over a surface which is 
spherical m form to an observer m that system, reciprocal to S 
m which the electron happens to be momentarily at rest A 
positive electron will be considered to difier from a negative one 
only m the sign of the charge involved and the radius of the 
spherical surface over which it is distributed 
The dectromagmtic force eZK on an element of charge de as 
measured m that system reciprocal to 5 m which this charge 
happens to be at rest at the mstant considered is defined as the 
product of the field strength E by the charge de The extension 
of this definition to the case of a system m which de is not at 
rest will be gi\en m the next section 

The distribution of charge on the surface of an electron will 
be supposed to be such as to make the tangential force due to 
its own field zero at all points of the surface all measurements 
bemg made m that system relative to which the electron is 
momentarily at rest This assumption is introduced merely for 
the purpose of simphfymg the analysis (section 20) involved in 
determmmg the dynamical equation of an electron movmg with 
constant acceleration To the number of terms to which the 
analysis is carried m the general case (section 21) no change 
m the dynamical equation is mtroduced if this hypothesis is 
replaced by the more probable assumption that the distribution 
of charge is such as to make the tangential force due to the 

42 
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total field that is the resultant of the impressed field and the 
electron s field equal to zero or by the simple assumption that 
the distribution of charge is always uniform 

18 D 3 niainical assumption In the previous chapters the 
discussion has been concerned with the determmation of the 
field of a charged particle It must be borne m mmd however 
that the hues of force constitutmg such a field are nothmg 
more than convenient geometrical representations to be em 
ployed in descnbmg the effect of one charged particle on 
another and that no reason exists for attributmg a greater 
substantiality to them than to any other arbitrary convention 
such as for instance parallels of latitude on the earths sur 
face The representation of a field by Imes of force has led to 
the concept of electric intensity and the electromagnetic force 
on an element of charge as measured m the system m which 
the charge is momentarily at rest has been defined m terms 
of this quantity In order to pass from these definitions to 
the quantitative description of the effect of one electron on 
another it is necessary to mtroduce the followmg dynamical 
assumption 

The motion of an electron is such as to mahe the toted electro 
magnetic force on it as measured in that system reoaprocad to S 
in which it happens to he momentarily at rest equal to zero 
By the total electromagnetic force is to be understood the 
resultant of the force due to the impressed field and that due 
to the charges own field With forces which are not electrical 
in nature such as must exist if a dynamical explanation of the 
stability of the electron is possible the present discussion is 
not concerned While extra electrical stresses on a smgle elec 
tron may be of great mtensitj their resultant will be assumed 
to be always zero Moreover such forces will be supposed to 
be comparatively negligible when the effect of one electron on 
another is under consideration Thus no account will be taken 
of the gravitational attraction between two electrons as it will be 
deemed quite unimportant compared to the electncal attraction 
or repulsion 
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Consider an electron which is at rest m S' at the instant 
considered Then the dynamical assumption stated above re 

( 1 ) 

Substituting for the components of E' their values m terms 
of the components of E and H as given in equations (1) (2) (3) 
section 10 it is found that 

E' + i(vxH)^<?e = 0 

Hence it is natural to extend the definition of electromagnetic 
force gn en m the precedmg section so as to read 

The eleetromagnetie force cZK on an element of charge de as 
measured m a system reciprocal to S relative to which the 
charge has the \elocity v at the mstant consideied is defined by 

tfKs|E + i(vxH)|(fe (2) 

Then the dynamical assumption may be stated m the more 
general form 

The motion of an electron is such as to make the toted deetro 
magnetic force on it as measured in any system reciprocal to S 
equal to zero Thus the dynamical equation of an electron may 
be found directly for any system no matter whether the elec 
tron IS at rest in that system or in motion with respect to it 
However m order to avoid unnecessary analysis the method 
pursued will be first to deduce this equation relative to that 
system m which the electron is momentarily at rest and then 
to extend it to other systems by means of the transformations 
already denved 

19 Constant veloaty Consider an electron permanently at 
rest m S' Relative to an observer m this system the electron is 
a uniformly charged spherical surface of radius a with a uniform 




quires cnat 


/ 


Wde = 0 
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radial field To an obser\er m S however this electron has 
a constant \elocitj v along the X axis and the transforma 
tion equation (18) section 6 shows that its dimensions m the 
direction of motion are shorter m the ratio 1 k when viewed 
from this sjstem while those at right angles to this dmection 
aie unchanged Hence to an observer relative to whom an 
electron is movmg its surface is that of an oblate spheroid with 
the short axis in the direction of motion 
Describe tw o right circular cones with vertices at the center O' 
of the electron and axes along the X axis such that elements of 
the cones make angles O' and d'+d9' respectively with their 
common axis If e is the charge on the electron the number of 
tubes included between the cones is 

dy=^smd'd6 

2 

cosff' = 

smd'dd 

(1 — ^ sin^^) 

Hence dX— — 0-~ 

^ (1— /S sm®^) 

and the electric intensity m N at any distance i? from O' is 

.. ^ (l-/g) 

4’rie^ (1-^ sin (9) 

The magnetic intensity is given by 

-ffs-jc X El 
c ' ' 

= X$smd 

and substitutmg for E its ^alue fiom (3) 

rr— ^ (1 — ^)y9smg 


( 4 ) 
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Comparison of these expressions with (1) and (2) section 14 
shows that the external field of an electron movmg with con 
stant velocity is the same as that of an equal charge located at 
its center It follows from symmetry that the resultant force 
on the electron due to its own field is zero Hence the dynamical 
assumption requires that the impressed force shall be zero as well 
80 Constant acceleration Consider an electron each pomt of 
which moves with an acceleration which always has the same 
\ alue relatii e to that sj stem reciprocal to <5 m which this pomt 
happens to be at rest at the mstant considered Let <J> be the 
\ alue of this acceleration for the pomt 0 of the electron Choose 
axes so that <j> is along the X axis Then (27) section 6 gives 
for the acceleration / of this pomt relative to B at any time 

( 5 ) 


Integratmg the velocity of 0 relative to B is found to be 
gi'en bj 


and the displacement by 


( 6 ) 

( 7 ) 


Consider a neighbormg pomt F of the electron such that OF 
IS parallel to the X axis and equal to dX when 0 is at rest in B 
Then smce 0 and F ha%e constant acceleiations relative to the 
systems reciprocal to B m which they happen to be at rest at 
the mstant considered the prmciple of relativity requires that 
the length OF as measured by an observer m any system recip 
rocal to B when 0 is at rest m that system shall be the same as 
the length OF as measured by an observer m B when 0 is at 
rest m B Hence ^ (8) 

IS the distance OP as measured m jSf when 0 has the velocity j8o 
Now when 0 is at rest in ^ P may have a velocity d/i m 
the X direction But the prmciple of relativity requires that dfi 
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shall be the same relative to anj other system reciprocal to S 
at the mstant when 0 happens to be at rest m that system 
Hence addmg to the difference between the displacements 
of F and 0 m the time t 

QP = («A + ^{1-VT^}+/3^ (9) 

9 9 

IS found to be the distance OP as measured in S when 0 has 
the velocity fic 

Equatmg coefficients of hke powers of >8 m the identical 
expressions (8) and (9) it is seen that 


dfi = Q 



The first of these equations shows that when one point of the 
electron ^s at rest in 8 every other point is likewise at rest Inte 
gratmg the second , 

(W) 


1 + 




where is the acceleration of 0 This equation shows that pomts 
on the forward side of the electron have smaller accelerations 
than those on the rear Such a difference is obviously necessary 
m order to produce the progressive contraction of the electron 
required by the prmciple of relativity as its velocity relative 
to 8 mcreases 

Obviously the relations just obtamed between the velocities 
and accelerations of pomts of the electron under consider 
ation apply equally well to pomts of the field of Fig 8 p 37 
Hence any one of the level surfaces of this field such as that 
upon which the pomt P hes may be considered to constitute 
the surface of the electron As the charge is distributed entirely 
on this surface it is necessary m order that the external field 
should be the same as that due to an equal charge at 0 that 
the density of charge should be everywhere equal to the electric 
mtensity just outside this surface 
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If e IS the electron s charge and E^ the strength of the external 
field, the impressed force is 


Ki= eEj 


( 11 ) 


In Fig 8 $ IS the geometrical center of the electron and a 
its radiub The eleetnc mtensity at its surface due to an 
equal charge at 0 is given by 




Ittu A* (l+yS cosay 


( 12 ) 


where 



being the acceleration of the pomt 0 As the field due to the 
electron \anishes e\ei'v where within its interior the resultant 
force on this charged particle due to its own field is 




X f E^ cos adcr 


where d<r is an element of the surface Substituting for A its 
•value m terms of a and integrating 






(13) 


The pomt on the axis of symmetry of the electron through 
which a perpendicular plane ■w ould divide its surface mto parts 
ha\mg equal ehaiges will be called the center of charge If <f) 
is the acceleration of this pomt 

The rest mass m is defined by 
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Hence as the dynamical assumption requires that 

Ki + Kj = 0 

it follows that the acceleration of the center of ehaage is detei 
by eE, = mi (15) 

at the mstant that the electron is at rest in S 

Consider an electron which has the type of motion under 
discussion and which is at rest in S' at the instant considered 
Let the acceleration f of the center of charge make an angle 
with the direction of S' s velocity lelatne to S Then dropping 
the subscript eE' = j 92 f' 


Substitutmg m each of the component equations the values 
of A' Ay A' from (1) (2) (3) section 10 and those of/' 
fj f from (27) (28) (29) section 6 it is found that 

6 A = (16) 

e{Ay + l(vxH)} = «i^/y (17) 

e|^A +i(v X H) j- = (18) 


As the electromagnetic force m is defined by 


K = e|E+i(vxH)j- 


It IS seen to be necessary to distmguish between the longitudmal 


mass 

and the transverse mass 


m, = mF 
m =mk 


09 ) 

( 20 ) 


Both masses mcrease with the velocity becommg infinite as 
the velocity of light is approached In terms of the transverse 
mass the dynamical equation may be written m the compact foim 


where K is the impressed force 


( 21 ) 
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21 General case Consider an electron a point P of which 
IS at rest in /S at the time 0 Denote by f f etc the acceleration 
rate of change of acceleration etc of this pomt Choose axes 
so that the X axis has the direction of f Then if ^ is a neigh 
bormg pomt of the electron whose coordmates relative to P are 
dx dy dz at the time 0 the values of these coordmates at the 
time dt will be 

dx^ = dx + dx + ^dy + ^ dz^ dt 
‘ \dx dy ^ dz ] 

and siimlar expressions for dy and dz But as / =/ 
dx = dx-,^l-^^ 

^dx(l-l^dt^ ) 
dy =dy 
dz^ dz 


Equatmg coefficients of like powers of dt and dx dy dz m 
the equivalent expressions for dz dy dz it is found that 


dv cv dv ov„ ^ . 

dx (? 


( 22 ) 


dy dz dx 


= etc 


= 0 


Hence the velocity is not a function of the coordmates and when 
one point of the electron u at rest in S all other points are also 
at rest Moreover the y and z components of the acceleration 
are not functions of the coordmates and the z component is a 
function of x only 

Before proeeedmg further it is convenient to distmguish 
between the orders of possible factors which may appear in the 
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dynanucal equation of the electron If a denotes the radius of 
the electron it will be considered that 

/S IS of the first order 

^ IS of the second order 
<? 

IS of the third order 
c® 

sL- IS of the fourth order and 
e* 

^ IS of the fifth order 

The dynamical equation to be obtained will be carried through 
the fifth order as thus defined 

As before the impressed force on the electron is 

K,= eE, (23) 

The next step is to evaluate the reaction on the electron of 
its own field Let the origin be located at a pomt 0 on the 
surface of the electron and for the purposes of the followmg 
anal} sis let the orientation of the axes relative to f be arbitrary 
Then if P is another pomt on the surface of the electron whose 
coordmates relative to 0 are a; y z equation (15) section 16 
gives for the force exerted by a charge de at 0 on a charge de^ at P 

-ism + fsv ) 

1/3 4 \ 9 

” 2 '^ j + |8(l-2Ym ) 

S . 4 . \ 

T +30^ I 

Integration of this expression with respect to de^ will give the 
force exerted on the rest of the electron by the charge de at 0 
Finally on integrating with respect to de the X component of 
the force on the electron due to the reaction of its own field 
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will be obtained In perfoiming tbeise integrations the charge 
on the electron ma^ be considered to be uniformly distributed 
over its surface foi even under the conditions assumed in the 
last section reference to (12) shows that the divergence from 
uniformity there implied leads to no term of less than sixth 
order which does not vanish upon mtegration Moreover it is 
unnecessary to take mto account the variation of f from pomt 
to pomt of the electron smee (22) shows that the only term 
mvolved of less than sixth order vanishes when the mtegration 
IS performed A fortioi i the vanatioiis of the derivatives of f are 
negligible 

Omitting from the integrand all terms which vanish on inte 
gration (21) leads to the expression 



and similar expressions hold for the y and z components Hence 
the dynamical assumption leads to the vector equation 
e . e - 


6 TTflt 




b r<? 9 TTc 18 Tvd" 


(26) 


Consider an electron which is momentarily at rest m S' 
Then droppmg the subsciipt 

« „ e „ 


tE' = . 




;f' + 


e a 


6 irac? 6 TTf * ‘9 irt' ~ 18 ttc® 

Equations (27) (28) (29) section 6 give 

fj = ^y 
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Differentiating (24) (2t)) (2b) section b once twice and 
thrice with respect to t' and then placing V' equal to zero it 
IS found that 

f' = iy+3ifp^ 


= + terms of sixth and higher oiders 

:t:=iy + 

r.=^f + 

/;=/v + 


Substituting in each component of the djnamical equation 
these values of f /) f and their deruatnes as well as the 
\alues ot E’ E' E' from (1) (2) (3) section 10 the dynam 
ical equation of an electron for a system relatne to which it 
has a \elocity v is found to ha\e the followmg components 


eE = ■ 


I A® 


6 TTflC 


/■ 


e k 


2 ire 




6 7r6® 9 TTt 18 776® 




e k 
6 7-ac 


f 


ek^ 

2 


fp/ 


* e^ak? „ e^a k* 
6 we® ^ W 18^® 


iIa +-(vxH) 'l = -iA_/ — 8/ 

I bwac*' 2we‘ 


e k . e ak? . e a^k* , 
6 TTC® 9 ire* 18 we® 


(27) 


(28) 


( 29 ) 
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These equations show that it is necessary to distinguish 
between the coefficients of the longitudinal and transverse 
components of the acceleration and of each of its derivatives 
All the coefficients approach mfinity as the velocity of the 
electron approaches that of hght and the senes cease to 
converge 

Including all terms not higher than the third order the 
dynamical equation of an electron may be put in the form 

K==mf-7d (30) 


where K = e-^E + ^(vx H)|- 

is the impressed force and 


6 "jrac^ 


22 Rigid body Consider an element of volume dr of a 
material body large enough to contam a vast number of positive 
and negative electrons but small compared to the total volume 
of the body A nffid body wiU be defined as one all such 
elements of which mamtam the same relative configuration and 
on the average the same mtemal constitution with respect to 
the system m which the body is momentarily at rest whatever 
external conditions the body may be subject to 

Consider a r^id body momentarily at rest m system 8 
Equations (27) (28) (29) give for the dynamical equation of 
an electron m this body 

= , (81) 

through the third order which is as f^ as the analysis wiU be 
earned m this seelaon 

The electric and magnetic mtensities appearmg m this expres- 
sion may be separated mto the mtensities E and H due to the 
impressed field and the mtensities E„ and H, due to the fields 
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of the other electrons in the rigid body For the latter equa 
tions (13) and (14) section 16 give 




'svhere the summation extends over all the electrons except the 
one under consideration 

Suppose now that there is no external field and that the 
rigid body is permanently at rest m S Symmetry requires that 
as many electrons m any element of volume dr shall have a 
given velocity or acceleration m one direction due to the mtemal 
motion as m any other direction This same condition must be 
satisfied m the presence of an impressed field for the mtemal 
constitution of a rigid body is independent by definition of 
the external conditions to which it may be subject 

To return to the case of a ngid body momentarily at rest m 
S m the presence of an impressed field let and f^ be the 
acceleration and rate of change of acceleration of the body as 
a whole and v and f the velocity acceleration and rate of 
change of acceleration of an electron of the body due to the 
mtemal motion Summmg up over all the electrons 



* 

iS«y,XH = 0, 


and therefore 




-{eLS' 


where the double summation is 

for aU values of both i and j 


such that 
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Consider a rigid bodj at rest in S' Then dropping the 
subscript e 

Substituting for E' its value in terms of E and H and for f ' 
and f ' their ■v alues m terms of f and f the dj namical equation 
of a rigid body takes the form 

The first term in the brace multiplying f is the sum of the 
masses of the electrons composing the ngid body while the 
second term is the sum of the mutual Tnasses of these electrons 
While the mass of an election must be positive the mutual 
mass of two ma} be positi\e or negative accordmg as they have 
like or unlike signs Hence the mass of a rigid bodj is greater 
the more electrons there aie of the same sign The same is true 
of the coefficient of the rate of change of acceleration In fact 
this coefficient ^ anishes if the body is uncharged 

Denotmg by K the impressed force and by m and n the con 
stant coefficients of f and f respectn ely, the dynamical equation 
of a rigid body takes the form 

K = ?Kf — Tif ,^34) 

A conductor earrymg a current may be considered m so far 
as the expressions arrived at m this section aie concerned as one 
rigid body through which another is passmg As the electrons 
earrymg the current are all of the same sign their mutual masses 
are positive and the mass of the current is greater than the sum 
of the masses of the mdmdual electrons which constitute it 

23 Ezpenmental detemunation of charge and mass of electron 
Consider a stream of negative electrons from the cathode of a 
dischaige tube travellmg at right angles to the hues of force of 
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mutual!} perpendicular electric and magnetic fields 
magnetic force on each electron is given by 


Hence if 


K = e{E + ^vxHj 


ivxH = -E 
e 


this force will \ anish and 



The electro 


By adjusting crossed electric and magnetic fields so as to 
produce no deflection m a beam of cathode rajs J J Thomson 
has found the velocity of these charged particles to be about 
one tenth that of hght 

If now the magnetic field be suppressed 

K = «E 

and to a first approximation 

mf = eE 


If the rays suffer a deflection d in traielling a distance s 

9 

through this field /= — 


and the ratio of charge to mass is given m terms of measurable 
quantities by the expression 

e _ 2 dw® 

Similarlj if the electric field be suppressed the % alue of the 
ratio of charge to mass may be obtamed from the deflection 
suffered m traversmg a magnetic field In this case 

e _ 2 dvc 
m Ms 




By these methods it is found that 

^=177(10ycV4^ (S7) 


for the negative electron 
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Determinations of this ratio for beta rays movmg with veloci 
ties only shghtly less than the velocity of light verify the theo 
retical expression (20) for the mcrease of transverse mass with 
velocity 

In order to measure e and hence m other experimental 
methods are necessary Suppose an electron to be attached to 
a minute oil drop situated between the horizontal plates of a par 
allel plate condenser If the electric field is ad 3 usted so that the 
oil drop remams at rest its weight tv is balanced by the force 
eB Now if the drop is allowed to fall freely through the sur 
rounding gas its radius may be calculated fiom its rate of fall 
by Stokes law From the radius and density of the oil w may 
be determined and hence e computed In this way the electronic 
charge has been found by Millikan to be 

e == 4 77 (10)-"® (38) 


and combinmg tins with (37) the mass of the negative 
IS found to be 


m = 9 0 (10)- ®gm 




(39) 


which IS about one eighteen hundredth of the mass of a hydro 
gen atom Hence the radius of the negative electron is 


a = 188 (10)-"® cm 


Since the positive electron has not yet been isolated it has 
been impossible to measure its mass and radius although there 
are reasons for supposmg that it has a much greater mass and 
consequently a much smaller radius than the negative electron 
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EQUATIONS OF THE ELECTROMAGNETIC FIELD 


24 Divergence equations The field due to a point charge is 
completely specified any two of the three vector functions of 
position in space and time E H and c In the case of a com 
plex field, E and H are the resultants of the electric and mag 
netic mtensities respecti\ely of the component simple fields but 
c must be given for each elementary field Hence m order to 
avoid explicit reference to the components of a complex field 
as veil as in order to give the field equations as great a sym 
metry as possible the field is usually described m terms of 
E and H 

To find the divergence of the electric mtensit^ due to any 
given distribution of pomt charges consider a small region dr 
surrounded by the closed surface cr By Gauss theorem 

V E dT = /'e d<r 


Let letters with strokes over them refer to component fields 


Then E^ = 

for each element of charge 

Therefore V Ec?t = 


dcr^ 


do" 



Now the part of this sum due to charges outside the region 
dr vanishes while the part due to the charge de mside this 
region becomes equal to de itself Hence 

VE = p Cl) 

where p is the density of charge at the pomt m question 

59 
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In section 13 it was shown that 

H=Vxa 

Therefore V H = 0 (2) 

identieall}’ or the divergence of the magnetic intensity is every 
where zero 

25 Vector fields Any vector function of position in space 
and time may be represented by moMng Imes such as have 
been emploj ed to gi\ e a geometrical significance to the electric 
mtensity These lines will be contmuous at all pomts where 
the divergence of the vector function vanishes as is obvious 
from the discussion eontamed in the precedmg section At 
other points lines v ill either begin or end Equation (1) shows 
that the resultant electric mtensity may be represented by con 
tmuous Imes at all points except those at which electricity is 
present while equation (2) shows that the resultant magnetic 
itttensitj may be represented e\er}wheie by contmuous lines 

Let V be a vector function whose magnitude and direction 
are represented by Imes all pomts of which are moving with 
\eloeities of the same magnitude e If dN tubes of these Imes 
(a tube bemg a bundle of M Imes) pass through a small surface 
ds with normal parallel to the X axis 



For the moment assume that no new lines are formed Then 
m a time dt maj suffer a change due to three causes In 
the first place the number of Imes passmg through ds may 
mcrease by virtue of the fact that the Imes whose motion will 
brmg them through this surface at the end of the time dt are 
more closely packed than those passmg through ds ongmally 
The mcrease m V due to this cause is 


\dx “ Sy " dz J 


Secondly the velocity associated with the new lines may have 
a different direction from that of the old This will produce a 
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crowdmg of the hues durmg the tune dt and account for a 
change m F equal to 



dt 


Finally if c differs in direction at neighboring points on the 
same Ime there will ensue a twistmg of the lines which will 
produce in F an increase 



dt 


m the tune dt 

Therefore the total rate of change of F is 


or 


£F 

Zt 


= -cVF-F„Vc+VVc 


^ + cVV=Vx{cxV} 

Ct 


( 3 ) 


Now consider the mcrease in V due to the formation of 
new hues Attention will be confined to those fields whose 
hnes termmate only on sources Let 
the pomts 0 etc m Fig 9 be each the 
source of a new line emitted m the direc 
tion of the arrows the Ime sources them 
sel\es havmg a velocity v to the right 
The number of tube sources per unit 
volume IS obviously 

V V 

and ds the direction of the hnes at P 
IS ^P, the mcrease m the value of 

V at P m a time dt due to the formation of new hnes is 

(c-v)VVit 

Therefore the complete expression for the rate of change of 

V becomes 

dY 

^ + vV V=Vx{cxV} (4) 
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If the field under consideration is due to the superposition 
of a number of simple fields of the character of those just dis 
cussed 

^+;2wv=Vx2{cxV} (5) 

where the stroked letters refer to the component fields More 
over since a number of pomt sources emittmg Imes m different 
directions may be considered to coalesce this equation apphes 
equally well to pomt sources from which Imes diverge m all 
directions It is to be noted that equation (5) is a consequence 
of the properties of three dimensional space and nothmg more 
26 Curl equations Replace V by E m (5) Substitutmg 
from (1) the second term of the left hand member becomes 

Smee however only one element of charge may occupy one 
pomt m space at a gi\en time the summation sign may be 
dropped 

The right hand side of (5) becomes 

Vxgfexl} 

where is the velocity of a movmg element of an electnc Ime 
of force of one of the component fields 

But H=^^£^xE 

Hence V x H = - {E + pv) (6) 

If V is replaced by H m (5) it follows from (2) that the 
second term of the left hand member vanishes Hence the 
equation becomes i -i 

VxSifexH}=iH, (7) 

where the velocity Cj of a movmg element of a magnetic hue 
of force of one of the component fields does not m general have 
the same direction as the velocity of a movmg element of an 
electnc hue of force of the same field 
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But ]f a IS elmunated from the equations obtamed by curling 
(20) and differentiatmg(21) with respect to the time in section 13 
it IS found that 1 

( 8 ) 


VxE=--H 

c 


Hence as (7) and (8) apply equally well to simple or com 

plex fields comparison of these two equations shows that for a 

smgle elementary field _ i _ _ 

E=-i5jXH + V^ (9) 

c 

a relation which is complementary to the definition 

( 10 ) 

E = — ~ c^r X (cjgj x'E) + Y^|r 

Hence it follows that 5^ is parallel to Cg when and only 
when is parallel to Cg 

27 Electrodyoamic equations Equations (1) (2) (6) (8) 
specify the electromagnetic field m terms of the distribution 
of density of charge p and velocity v If (2) section 18 is 
written as an equation mstead of as a definition in order to 
signify that it mcludes the dynamical assumption immediately 
following it this equation suffices to determme the effect of 
an electromagnetic field upon matter These five equations 
contain the whole of electrodynamics Collected they are 

VE = p, (11) VH = 0 (13) 

VxE=-iH (12) VxH = i{E + /)v} (14) 

0 c 

F = p|e + 1(vxH)| (15) 

where F is the electromagnetic force per unit volume 


Therefore 

or 

and 

or 
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28 Energy relations From (12) and (14) it follows that 

H VxE-EVxH = --(EE + HH)--pEv 

c e 

But HVxE — EVxH=V (ExH) 

and pEv = Fv 

Hence ^{i(-e?"+£r*)}+eV (ExH) + F v = 0 


Integrating over any arbitrarily chosen portion of space, and 
applying Gauss theorem to the second term 

+ c^(ExH)do-+ vdr = 0 (16) 

where (£t is an element of volume and dor an element of the 


houndmg surface havmg the direction of the outward drawn 
normal The third term of this expression measures the rate at 
which work is done by the electromagnetic field on the matter 
contained m the region selected Hence if the prmciple of con 
servation of energy is to hold the first two terms must be 
mterpreted as the rate at which the energy of the field mcreases 
plus the rate at which energy escapes through the surface 
houndmg the field. 

Suppose E and H to be zero everywhere on this surface 
Then no energy escapes fiom the region enclosed and the rate 
at which work is done on the electromagnetic field equals the 
rate at which its energy increases But the mtegrand of the 
second term of (16) is everywhere zero Hence the rate of 
mcrease of energy of the field must be represented by the first 
term, the form of which suggests that 


IS to be considered as the electromagnetic energy per unit volume 
The second term of (16) then must be mterpreted as the out 
ward flux of energy through the surface envelopmg the field and 
Its form suggests that « _ ^ 


IS to be considered as the flow of energy per unit cross section 
per unit time 
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29 Electromagnetic waves m space For empty space the 
electromagnetic equations take the form 


VE = 0 

(17) 

VH=0 

(19) 

VxE=-iH 

c 

(18) 

VxH=-E 

c 

(20) 


To eliminate H curl (18) and differentiate (20) with respect 
to the time Thus 

V X VxE=— iv X H 

e 



But 

Vx Vx E= VV E— VVE 



= -VVE 


Therefore 

V ve-4e = o 

(21) 

and similaily 

VVH-iH = 0 

(22) 


These are equations of wa\es movmg with velocity c 
Consider a plane wave advancmg along the X axis Then E 
IS a function of x and t only and (21) reduces to 

g^E 1 g^E 
dx^ de 



The solution of this equation for the case of a wave movmg 
m the positive X direction is 

E^=f(x-ct') 

Xy=g(p-et') 

M = h(x— cC) 

Hence it follows from (17) that J? is a constant and since 
the present discussion is concerned only with the variable part 
of the field this constant may be taken as zero 
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Therefore 1=0 

(24) 

1 

II 

(25) 

1 = h(x— ct') 

(2b) 

From (18) it follows that 


H = 0 


1 

II 


H = — (x — ct') 


and hence E = 0 

(27) 

1 

1 

1! 

(28) 

E = g(x— ct) 

(29) 


except for a possible constant of integration Therefore the 
\ enable parts of H and S have the same magnitude at any 
pomt and tune and he m a plane at right angles to the direc 
tion of propagation 

The cosme of the angle between E and H is proportional to 
H =—gh+gJi 
= 0 

showmg that E and H are at right angles in the wave front 
The preceding section gave the flow of energy as 

<?(E X H) = <?(/+ 

= (30) 

showing that the propagation of energy is along the X axis and 
that the entire energy of the wave front is advanemg with 
the velocity of light It follows from this equation that the 
direction of propagation of the wave is at right angles to the 
plane of E and H m the sense of 


E X H 
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Consider a spherical Ma\e ha\mg its center at the origin In 
this case E is a function of the radius \ector r and t onlj 
and (21) reduces to 


^ 2aE_l£j 

dr r dr <? ct 


(31) 


of which the solution is 

-& =i/(r±cO 

^t-^gir±ct') 
E^=^l(r ± cC) 


As in the case of the plane wave it nia-v be shown that 
E and H are mutually perpendicular and at right angles to the 
direction of propagation If is a unit vector along the out 
ward drawn normal to the wave front the flow of energy is 

o(ExH)=±«^^r, 


= ±«{i(i:-+a')}r, (82) 

showmg that the amount of energy passmg thiough unit cross 
section in unit time varies m-v ersely with the square of the dis 
tance from the source and that the entire energy of the wa\e 
front IS advancmg with the "v elocity of light 

30 Radiation pressure Substitutmg m (15) the \alues of p 
and /ov from (11) and (14) the electromagnetic force per unit 
volume takes the form 

F = VEE + (VxH)xH-iExH 

G 

and makmg use of (12) and (13) 

F = - i ^(E X H) + V EE+ V HH+(V X E) X E+(V X H) X H 

c ctt 
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The total electromagnetic force on the matter m any gi-\ en 
region is ^ 

= K +K 


K = 


■where 


=_i^ r 

c^dtj ® 


(83) 


and {VEE+VHH+(VxE)xE+(VxH)xH}(;t 

Now let J {V EE+^V x E) x E} dr 

= J’{VEE + EVE-i V(EE))£Zt 

= J'{V (EE)- 1 V(E E)} dr 

By Gauss theorem 

J 7(EE)dT=J EEdtr 


and 


J V(E E)«?t= 1 J V (lE E)dT + etc 
= 1 ^ E El da + etc 


E E<fo- 


“/ 

Therefore J EE da — J^E E da 

and K is given entirely by the surface mtegral 

K„= J (EE + HH)c?o--l J’(EE + HH)io- (34) 

taken over the surface boundmg the chosen region 

Consider a region which is the seat of either stationary radia 
tion or undamped periodic vibrations In the former case the 
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average K is zero and m the latter ease K, vanishes provided 
the value of the foice desired is the average over a whole num 
her of periods Hence the force on the matter withm the region 
IS given entirely by K 

Consider a box (Fig 10) with perfectly reflecting walls eon 
t.g.iTnr>g homogeneous isotropic radiation Descnbe the piU box 
shaped surface ABCD about an element da of that part of the 
wall of the box which is perpendicular to the X axis The only 



matter withm this closed surface is the portion MN of the wall 
of the box In so far as the effect of the radiation mside the 
box IS concerned the average force on iIfY is given entirely by 
K which reduces to an mtegral over BC smce AB lies com 
pletely outside the field and the sides AB CD of the pill box 
have a neghgible area Hence if X Y ^ are the forces per 
unit area on the surface MN of the box due to the pressure of 
the radiation mside it parallel respectively to the X Y Z axes 

X = l(iE + (3o) 

Y=EJ!^+S^^ (36) 

Z^=EE+RJI (37) 

and similar expressions hold for the parts of the wall perpen 
dieular to the Y and Z axes 
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As the radiation is assumed homogeneous and isotropic 

^ =^^=M = 0 

W=1^=W^=\W 

where the stroke denotes the average value of the quantity over 
which it IS placed Similar relations hold for the components 
of the magnetic mtensity 
Therefore 

(38) 

Y = Z = 0 (39) 

showmg that the radiation 
withm the box exerts a 
normal stress on the walls 
equal to one third of the 
electromagnetic energy per 
unit volume 

Consider now a box 
similar m shape to that of 
Fig 10 with perfectly con 
ducting walls Instead of bemg filled with homogeneous radia 
tion suppose the box to contam a tram of undamped plane 
waves which are meident on the surface MN (Fig 11) at the 
angle B 

Referred to the axes m the figure equations (24) to 

(29) give for the mcident u ave 

E =0 

E^=\(x-ct') 

-2; = o 

= — }i^(x — ct^ 

S =5'i(»-c<) 



Pig 11 


and 
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Therefore the components of the electric and magnetic 
intensities along the XYZ axes due to the incident wave 

Ej=~-g^ COS0 

E =— smd 
Ey= Aj cosd 

where the argument of the arbitrary and \ functions is 
x^ — ct = — X cos 6 — ysm6—ct 

Similarly for the reflected wave 

E = Sind, 

E^=g^cosdf 

E=\ 

E=-\smd 

ifyss— AjCOsd 

where the argument of the g^ and functions is 
X — et — x cos 6 — y smd— ct 

At the reflectmg surface the arguments of the functions u ith 
different subscripts become the same Moreover as this surface 
IS perfectly conductmg the tangential component of the resultant 
electnc intensity must vanish Therefore 

— g^ cosd+g^cos6= 0 
\+ \= 0 

or g^=g =g 

Hence it follows fiom (30) that all the energy brought up 
in the mcident wave is earned away m the reflected wave 
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Therefore a perfectly conductvng surface is a perfect reflector of 
electromagnetic waxes 

The resultant electne and magnetic mtensities just to the 


right of If V are (40^ 

0 (41) 

A = 0 (42) 

if = 0 (48) 

cos 6 (44) 

H = ^g (45) 


Hence as there is no field to the left of MN this surface 
must hare a charge 2^ sm^ per imit area If ^ is a simple 
harmonic function this charge will be alternately positive and 
negative 

Substitutmg the values (40) to (45) m the expressions (35) 
(36) (37) for the components of the stress on the reflectmg 

surface X=-2(jr+A)oos« (46) 

r = 0 (47) 


showing that the stress due to the radiation is a pressure nor 
inal to the surface 

Now the energy density of the mcident wave is 


u=g^+h 

and therefore X = — 2 cos 6 


(48) 


Let I stand for the energy stnkmg the reflectmg surface per 
unit area per unit time Then 


and 


I=u^eQO&6 

X=-2^cos^ (49) 


Suppose that mstead of contammg a smgle tram of plane 
waves the box is filled with plane waves travellmg in all direc 
tions at random that is with a homogeneous isotropic radiation 
Then if u is the energy density of the radiation the energy per 
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unit \ olume of that portion of the radiation which ii> incident 
on i/V between the angles 6 and 0+ is 


and 


u^=-usm&d0 

A 

X = — 22)miCOS®^ 


-r 


cos ^sin^i^ 


1 

3 ^' 

agreeing with (38) 

31 Electromagnetic momentum Consider a closed surface 
ABCD (Fig 12) surrounding some matter Let the held inside 
this surface be m a stationary state Then the force on the mattei 
contamed is given by K integrated over the boundmg surface 
the outward drawn 
normal bemg posi 
tive Denote by 
K ^ the part of K 
obtained by mte 
grating over BC 
Then the force K 
on the matter under 
consideration due 
to the eleetromag 
peticfieldextending 
thiough the surface 
EC is equal to 

Let BCEF be a closed surface which surrounds no matter 
such that the ladiation field mside it comes mto contact with the 
suiface onl} between B and C Then the value of Z, integrated 
over this surface is equal to — K smce the outward drawn 
normal to BG m this ease has the opposite direction to that for 
ABCD Hence _ K + K,— 0 

as no matter is present mside the surface Therefore 

K-K =0 



Fic 1’ 


(50) 
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Avhere K is the force exerted by the electromagnetic field m 
BCEF on the matter in ABCD Hence if the law of action and 
reaction is to hold — K must be mterpreted as the force exerted 
by the matter m ABCD on the electromagnetic field m BCEF 
The form of this expression namely 

suggests that 

IS to be considered as the momentum per unit \olume of the 
electromagnetic field 

Suppose the matter m ABCD to consist of a rigid body with 
a plane perfectly reflectmg surface just to the left oi BC Let 
a limited tram of plane waves be mcident on this surface at 
the angle 6 Eeference to (30) shows that the electromagnetic 
momentum per unit volume of the mcident radiation is 

c c 

Therefore the momentum of the radiation strikmg each unit 
area of the surface m unit time is cos 6 and the momentum 
of the refieeted radiation is of the same magnitude The force 
exerted bj each unit area of the reflecting surface on the tram 
of waves is equal to the vector mcrease m momentum per unit 
time tliatis - JT = 2«jCos"0 

along the outward drawn normal Consequently the stress 
exerted by the radiation on this surface is 

K—— 2«jCos®^ 

= — 2-cosd 
e 

agreemg with (48) and (49) 

32 Four dimensional representation In four dimensional space 
two mutually perpendicular lines may be drawn at right angles 
to an element of surface Consequently the vector properties 
of such an element cannot be expressed by the direction of its 
normal In fact it is necessary to distmguish between directed 
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7o 


linear elements directed surface elements and directed \olume 
elements The first ha\e as components their projections on 
the four coordinate axes the second their projections on the 
SIX coordmate planes and the third their projections on the four 
coordinate planoids Hence the first and third are often called 
four vectors and the second six vectors Here they wiU he called 
lectors of the first second and third orders lespectivelj 

Let a, b and c be three vectors of the first order Then the 
vector product a x b is a directed surface havmg for its area the 
parallelogram of which a and b are the sides and so directed that 

bxa=— axb 

Similarly a X b X c is a directed volume ha"v mg for its magni 
tude that of the parallelepiped whose edges are a b and c In 
the case of any cross product mterchange of two adjacent vectors 
changes the sign of the product 

Let kjj kj k^ be unit vectors of the first order parallel 
respectively to the X Y Z L axes Then 

^23 ~ ^2 ^ ^ 

IS a unit vector of the second order m the YZ coordmate plane and 

— ^34 ^ ^ 

IS a unit vector of the third order m the ZLX coordmate 
planoid From their definition it is obvious that two adjacent 
subscripts of a unit vector of the second or third order maj be 
mterchanged provided the sign of the "vector is changed 

The dot product of two unit vectors is defined as follows 
If the vector of lowei order has a subscript which the other 
lacks the dot product vanishes Otherwise the product is the 
unit vector remammg after hke digits m the subscript of each 
vector have been brought to the end and cancelled Thus 

^ 2 * ^12 ~ ^412 ^2 

^ 3 ^ 3=1 
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Thus while the order of the cross product of tw o unit vectors 
IS equal to the sum of their oiders the order of the dot product 
IS equal to the difference of the orders of the two factois 
Consider the vector of the second order 

M = \ (52) 

The dual M’' of M is defined as a vector of the same order 
with components such that 

¥ =¥, 

where mnop is formed from xyd bj an even number of mter 
changes of adjacent letteis Hence 

= i¥,k^+i¥,k,3+if,,k3,+i¥, (53) 

If P = P^+iJk3+Pk3+^k, (54) 

the lule for formmg the dot product shows that 

PM = ( +^¥,-PJf^ + i?J¥,)k, 

+ (- P¥ + Pi¥, + 0 k^ 

+ (Pi¥„ -P¥, 

+ i-PM,-PM^^-PM, )k, (55) 
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Remembering that I = let equations (11) and (14) of the 
electromagnetic field may be written 



cH 

oH 

diE 

1 


+ dy ' 

oz 

cl 

= — pv 
c 

dH 


diE^ 

1 

dx 


dz 

cl 


dH 

dH 


ciE 

1 

ox 

dy 


ol 


diE 

diE 

^ diE 



dx 

dy ■ 

cz 


= *p 


and equations (12) and (13) 



diE 

, diE 

OH 

A 


dy 

dz 

^ dl 

= u 

diE, 


diE 

dH 

— 0 

OX 


dz 

^ dl 

— V 

diE^ 

dx 

diE 

dy 


dl 

= 0 

dH 

dH^ 

_ dj^ 


= 0 

dx 

dy 

dz 



Compaiison with (52) (53) (54) and (56) shows that if 

and P = Ip® k,+ ip®^k,+ Ip® k,+ zpk, 

the two scalar equations (11) and (13) and the two vector equa 
tions (12) and (14) of the electromagnetic field are expressed 
by the pair of four dimensional vector equations 

0 M = p, 

M>‘=0 


(57) 

(58) 
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The equation (15) which gi\es the effect of an electio 
magnetic field on matter and the energy equation may be written 
together in the form 

F = 4 - ^ pv^H — ^ 

F = pi H H — pi H pF 

6 c 

F= —pvH—^pVj^ir -h pF 

% dll 1 . 1 T7» . 1 

- — = -pv iF pi zE - pi iF 

Hence if F^ F + 


these relations are contained m the four dimensional vector 
equation F = P M (59) 


The scalar operator 


0 


(^xr cy dz^ 


+ 


di 


IS known as the d Alembertian In four dimensional anal^ sis 
the \\a\e equations (21) and (22) are expressed by 

0 ^M = 0 (60) 


In addition to those 3 ust mentioned many other electrody 
iiannc relations may be expressed m far more compact form in 
terms of four dimensional vector analysis than m the analysis of 
three dimensions 
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RADIATION 


33 Radiation from a smgle electron Let v and f be the 
electron s velocity and acceleiation respectively at the time t 
Take its position at this time as origin and choose axes so that 
the axis is parallel to v and the ATT plane contams f Describe 
about the origin a sphere of radius r large compared v ith the 
radius of the electron Consider an element da of the surface 
of this sphere such that the radius vector drawn to it from the 
origin makes an angle 6 with the X axis The eneigy emitted 
from the electron durmg an interval of time dt in the direction 
of this radius vector will reach the surface of the sphere at a 
time t + r/o and will take a time 

Cl-^^GOseydt 

to pass through this surface Hence as the flow of energy per 
unit cross section per unit time is equal to 
s = <7 (E X H)^ 

the energy emitted by the electron during the time dt is given 
by the mtegral ^ 

Rdt = / s da (1 — yS cos^) dt 

taken over the surface of the sphere Therefore the rate of 
radiation from the electron is 


As 

it follows that 


JS = ^ s — /3cos^) 

H = -c X E 

c 

s = JS^c — E cE 


Cl) 


The sphere over which the surface integral is to be taken 
may be made as large as desired Consequently the terms in 

79 
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equation (14) section 12 for the electric intensity which involve 
the inverse square of the radius vector may be made so small 
compared with the teim in\olvmg the m verse first power of 
this quantity that they may be neglected As the term involv 
mg the mverse first power defines a vector perpendicular to c 

s—JS^c 


^c__r f . 


(l-yS®)/^ ) 

16w®r®cH(l-/Scosd)* 

(1-^cosey 

(1-/3 cos d)«J 


where / is the component of the electron s acceleration along the 
radius vector For small values of yS this becomes approximately 

_ sm a 
16 ^ 


where a is the angle which the radius vector makes with f 
Hence the radiation vanishes m the direction of f and is maxi 
mum at nght angles to this direction 

To find the rate of total radiation from the electron mtegral 
(1) must be evaluated Substitutmg the expression for s given 

by (2) 


B = 


16 ttV 




da 


(1—ficosd'f 


6 ire' 


f r_..+ / ±/ -\ 

l(l-yQ*)* (l-yS^*) J 


.r ffda 
J r®(l— yScos^)* 

—(1-/6®) r — \ 

^ rXl-y8cos(9)V 


(3) 


K f IS the acceleration of the electron at the time t relative 
to the system m which it is at that mstant momentarily at 
rest, reference to equations (27) (28) (29) section 6 shows that 




6 wc* 


(4) 


34 Radiation from a group of dectrons In the calculations 
of this section it will be assumed that the greatest distance 
between two electrons of the group is small compared with the 
wave length of the radiation emitted and that the velocity of 
the fastest moving electron of the group is small compared with 
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that of light If a sphere of radius r large compared with the 
dimensions of the group is described about some pomt m the 
group as center the energy passmg through the surface of this 
sphere m unit time is found as m the last article to be 


■nhere 







( 5 ) 


the summation bemg taken over the n electrons in the group 


Now 


A _ g{f cc-g^} 
4 Tire 


( 6 ) 


at a great distance from the zth electron 
Therefore s = ^ (7) 

Suppose that the sum of the components of the accelerations 
m any direction is equal to that in the opposite direction 
Then s vanishes for all durections of c Hence a r ing of any 
number of evenly spaced electrons which aie rotating about a 
common axis with constant speed will emit no appreciable 
radiation 

To get the total radiation from the group of electrons sub 
statute (7} m (5) and mtegrate In this way it is found that 

* = 6^2* t TO 

35 Energy of a moving electron The dynamical equation of 
an electron has been shown to be 


K = — nf 

through terms of the third order where 




6 TTC® 
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The work done on the electron m a tune t by the impressed 
held IS 

W= j 

vdt — n J'f'vdt 

= I (y! - <) -n(v - V, g + ^ J fdt ( 9 ) 


where the subscript 1 denotes the value of the quantity to 
which it IS attached at the begmnmg of the time t and the sub 
script 2 the value of this quantity at the end of this time 
The first term m this expression represents the kmetic eneigy 
of the electron the second term its acceleration energy and the 
thud term the energy which has been radiated The first two 
terms are reversible m the sense that the energy which they 
represent maj be recovered when the electron returns to its 
ongmal state of motion but the thud is irreversible 

Consider an electron which starts from rest and acquires a 
velocity V by -vutue of a \eij small acceleration contmued for 
a very long time By making the derivatives of the accelera 
tion small enough the second and succeedmg terms of the 
dynamical equation may be made as small as desued com 
pared with the first term Hence if account is taken of the 
variation of mass with velocity this equation is given to any 
desued degree of accuracy by 




m 


( 1-/30 

and the work done is expressed as closely as maj be desued by 

= m<r\ -7: = ■= - ll 
^ f 1 




-1 


( 10 ) 
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In this case the energy radiated is inappreciable so all 
the energy acquired by the electron may be recovered if 
it IS brought back to its origmal state of rest by a similar 
process 

Now the energy of an electron movmg with constant velocity 
V is given by 

U=~ C (JS +ff)dT 


Inside the electron s surface both E and H vanish while out 
side the surface the values of these mtensities are given bj 
equations (3) and (4) section 19 Hence if the angle which the 
radius vector makes with the direction of the electron s velocity 
is denoted by 6 


^ e (l-^e y rr l + /3^sin°d 
lew jj sm^dy 


sm QdBdr 


where r goes from 




to infinity and Q from 0 to tt 

Integratmg . 

^ ^ 6wa[Vl-/3^ 4 

and the mcrease in energy is given by 


u-u. 


6 ira [Vl— yS® 



(11^ 


( 12 ) 


The discrepancy between equations (10) and (12) arises from 
the fact that in the calculation from which the former was 
obtamed no account was taken of the work done agamst the 
electron s field in connection with the progressive contraction 
which takes place as its velocity increases In order to deter 
mme the work done m this process of contraction it is neces 
sary to evaluate the stress K on each unit area of the electron s 
surface Prom the expressions for the electric and magnetic 
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intensities given in section 19 it follows that the electromag 
netic force per unit \ olume just outside the surface is given by 


F = pE 

_ pe (1 — jQ ) cos^ 
”4-7rr" 

F^^p{E-m 

_ pe (1— ;8^) Sind 

where the X axis is taken m the 
direction of the electron s \elocity 
If a (Fig 13) lb the angle which 
the normal to the surface makes 
with the X axis 

tan a = (1 — jS®) tan^ 



Therefore the tangential component of F is given by 

F =—F sma+JijGosa 
= 0 


and the normal component F by 


F =F coi>a +F^sma 


pe (1 — /3 ) Vcos®^ + (1 — ) sm®^ 
(1 — /S sm® 


4 TTJ 


Now the charge per unit area is easily shown to be 



(13) 


(14) 


(15) 


4wr Vl-yS®sm dVeos ^ + (1-^3®) sm®^ 
Therefore as the electromagnetic force just inside the electron s 


surface is zero 


X=i(2!' + 0) 




32w®r* (1-/8 sm®^)® 
e 




( 16 ) 
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As this stress has the nature of a hydrostatic tension znde 
pendent of the velocity of the electron Poincare has been led 
to suggest that the electron may be held together bj an equal 
and opposite hydrostatic pressure of an extra electrodynamical 
character 

As the electron s velocity increases from 0 to u its volume 
decreases from 4 , 

to | 7 ra*Vr^^ 

Therefore the work done agamst the stress of (16) is 

Addmg this to (10) (12) is obtained 
36 Diffraction of X Rays Equation (3) of section 33 shous 
that in general an. electron will radiate energy whenever it is 
accelerated However irregular its motion may be the radiation 
emitted may be analyzed by Fourier s method into a series 
of superimposed simple harmonic wa\es Waves of a length 
from 4000 A to 8000 A constitute light of the visible spectrum 
whereas waves of a length of the order of 1 A are called X rajs 
These rajs ha\e great penetiatmg power and all attempts to 
diffract them were unsuccessful until Laue suggested m 1913 
that the distances between adjacent atoms m crystals were of 
such a magnitude as to mal e these substances suitable natural 
gratings for the diffraction of X rajs The following theory is 
presented very nearly in the form given origmally by Laue 
Let aj aj be vectors having the lengths and directions 
of the edges of an elementary parallelepiped of the crystal 
Then if a: y 2 are the coordinates of an atom relatne to an 
ongin 0 at the center of the crystal 

x = 7naj^ +wa2 +^^8 

y = na (18) 

z = ma^ +na +pag 

where m n p are positive or negative mtegers Let r be the 
distance of this atom fiom the observer at P, and B the distance 
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of the center of the crystal 0 from P These two distances 
will m general be so nearly equal that they may be considered 
the same except m so far as the phase of the radiation is 
concerned 

I et the mcident radiation be plane the direction cosines of 
the wave normal bemg denoted by /S^ Then if the intra 
atomic vibratois aie all alike the displacement of any vibrator 
at a time t will be gn en by the real part of 


and the field strength at P due to this displacement by 


A 

B 


e 


T( 


+ ^i8 +«y - ) 


smee the electric mtensit} at a distance from the atom great 
compared with the wave length varies directly as the acceler 
ation of the Mbrator winch is proportional to its displacement 
and mverselj as the distance The coefficient ^ is a function 
of the direction cosmes a 0 y oi the line OP as well as of 

^0 ^0 % 

The total electric mtensitj at P then is equal to 






B 


= (19) 

R ^ 


since r = B — (xa + yyS + ey') 

IS a sufficiently close approximation for the exponent 


P’lt (aro-a) + «iX^o-^)+«i (70-7)} 


G = Ca,-a) + a -$') + a^ (7o-7)} 


2 TT 

(ao-^) + «3y(i3o-^) + «8 C7o-7)] 
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Then by virtue of (18) 

j 2 

= je~'"~ " 2 ^"'' ( 20 ) 

Trt p 

Hence the intensity of the diffracted radiation at P is mavi 
mum for those directions for which 

'^e<nF 

m. p 

ha\e their greatest absolute values 
Suppose the illuminated portion of the crystal to be bounded 
bv planes parallel to the sides of the elementary parallelepiped 
Then m varies from —M to +M n from — iV to +iV and p from 
— P to +P where M N P &ve positive mtegers Hence 

“ +e-^+e-^^+ +e-^^ 

= l+2{eosP+eos2P+ + cos i¥P} 

The absolute value of this expression is obnousl} a maximum 
when F=±2q^-n- 

where is a positive integer 
Therefore the conditions for maximum mtensity are 


«: a + «,y^ + «i 7 = «i + + 

a a+a ^fi + a^r^ = a a^ + a + a 'i^±q^ ( 21 ) 

a, a + aj^/S + a* 7 = ^3 + + 

where q and q^ are also positive mtegers 
The left hand member of each of these equations is proper 
tional to the cosme of the angle between one of the sides of 
the elementary parallelepiped and the diffracted ray while the 
nght hand side is equal to an integral number of wave lengths 
plus a quantity proportional to the cosme of the angle between 
the same side of this parallelepiped and the mcident ray So 
for each value of q^ q^ and q^ these equations define three cones 
in a ^ and y The loci of maximum mtensity will be the 
lines of mtcrsection of these cones 
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Consider the simple case wheie and a.^ are mutually 

perpendicular and equal Choose axes parallel to the sides of 
the elementary parallelepiped and consider an mcident wave 
ad\ anemg along the \ a\is Then the eon 
ditions contamed in (21) reduce to 
aa = a ± q^\ 

a^=^±qX ( 22 ) 

ay = ± 

If a screen is placed at light angles to the 
X axis on the side of the cijstal opposite 
to the source the mtensity of the trans 
nutted radiation wdl be greatesu along the 
traces on the screen of the cones defined 
by (22) The trace on the screen of the 
cone defined by the first of these equations 
IS a circle while those defined by the second and third are 
hyperbolae The greatest intensity of all will be produced at 
those pomts on the screen where two or better three of these 
plane curves mtersect 

Consider radiation incident on the crystal under consideration 
at a small glancmg angle 6 (Fig 14) If the wave normal is 
in the ZI plane a, = smd 

jSj = cosd 
7o = 0 

and aa = a sin^ ± q^ 

afi = fflcos^ ± ? X 
a7 = ±9'gX 

Consider the reflected radiation. For this 

a = — smd 
y8 = cos^ 

7 = 0 

and 2 a smd~± q^k, (2E) 



for reinforcement. 



CHAPTER VII 

ELECTROMAGNETIC FIELDS IN MATERIAL MEDIA 


37 Fundamental ecjuations Consider a medium composed of 
positive and negative electrons Experimental observation of 
the field m such a medium is limited by the coarseness of a^ail 
able instruments to the investigation of the a\erage values of 
the electric and magnetic mtensities These average values are 
defined m the followmg way Divide the medium up mto fixed 
elements of volume t so large that each contains \ery many 
electrons but yet so small that no measurmg instrument which 
may be used to mvestigate the field can detect a \anation of 
electrical properties from one pomt to another m any one of 
these elements Then the average value at anj pomt of a 
scalar ^ which depends upon the state of the electrons m the 


medium is defined by 



where the mtegral is taken through the volume element t 
S imilarly the average value of a vector V is defined by 



In the absence of an impressed field each volume element of 
the medium will be supposed to contain equal numbers of posi 
tive and negative electrons moving about m a fortuitous manner 
Consequently the average charge and average current will 
vanish In the presence of a field however the electric mten 
sity may cause electrons of opposite sign to be displaced m 
opposite directions with the result that the average density of 
charge may no longer be everywhere zero In the same way 
the magnetic mtensity may orient mtra atomic rmgs of electrons 
m such a way as to produce an average current different from 

89 
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zero Anal}tical difticulties m\ohed m discontinuities in the 
medium maj be oided by imagmmg e\ery charged surface to be 
replaced bj a region of finite but very small thickness in which 
p \ anes rapidlj but eontmuously from one value to another 
As the elements of volume t are fixed 


dx rj ox 





ct oV 


etc and similarly for the lector function V 

To find the aierage lalue of p consider a volume element t 
of dimensions hjc In the time dt the charge entermg t 

through those sides of this volume element which are perpen 
dicular to the Y axis is 


pi AyAsdt — AyAzdt 


= (joT ) Ax AyAzdt 

OX 


Therefore takmg the six sides of t mto account 


Put 

Then 

and 



( 2 ) 


Hence for a material medium the equations of the electro 
magnetic field given m section 26 take the followmg form 

V(E + Q)=0 (3) Vl=0 

VxE=-^h (4) Vxl = ;(E + Q) 

O (* 


( 5 ) 

( 6 ) 
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The method used m denvmg these equations has not been 
such as to limit their applicability to media which are homo 
geneous or isotropic They apply to all media made up of 
electrons whatever their nature Moreover as two media m con 
tact may be considered equivalent to a smgle non homogeneous 
medium contammg a thm transition layer m which the prop 
erties of the medium change rapidly but contmuously these 
equations may be apphed m the region of contact 
In order to determme the relation between Q on the one 
hand and E and H on the other it is necessary to consider the 
motion of mdividual electrons m the medium These electrons 
consist of two classes (a) the free electrons which move among 
the atoms and (b) the bound electrons whose displacements are 
limited by the boundaries of the atoms to which they belong 
As an electron is of very small dimensions compared with an 
atom the number of times a free electron collides with another 
electron is negligible compared with the number of times it col 
lides with an atom Hence if an electron strikes agamst an atom 
V tunes a second its average drift velocity is given by 



where f is the average acceleration produced by the mtensities 
Ej and due to all charges other than that on the electron 
under consideration Now 

mt = e-|^Ei+ ~ X 


approximately and therefore if w is small compared to c the 
current due to the free electrons is gi\en by 


pv 


Ifjv 

imv ^ 


( 7 ) 


where N is the number of free electrons per umt volume 
Describe a sphere of volume l/A around the electron under 
consideration Then if Ej it> the average electnc mtensity wiliun 
this sphere due to this electron 

Ei = E — Eg 
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In general E, is small compared to the other quantities 
m^ohed m this equation Hence (7) may be written 


— iVe* « 
pv = - — E 
2mi' 


= CE (8) 

where C is the conductivity 

A bound electron is supposed to be held m the atom to 
which it belongs by a force of restitution proportional to its 
displacement R from the center of the atom In addition it 
lb supposed to be subject to a frictional lesistanee proportional 
to its velocit 3 Hence if E^ is the electric mtensity and 
the magnetic mtensity due to all causes external to the atom 
under consideration the equation of motion of a bound electron 
inside this atom is 

?7zR " 4 “ trR “{” ^R = — R x 

where those terms m the dvnamieal reaction other than the one 
due to the mass hav e been omitted as negligible 


Put 21 = - 

771 


h 


y3 


TO 


Then the equation of motion becomes 

R + 2ZR + A„R = ^|Ei4-iRxH,| (9) 

The displacement R satisfying this equation consists of the 
solution Rj of the complementary equation 

R,+ 2 ZR,+ *o^R.= X H, (10) 

added to a particular solution R^ of the ongmal equation 
Obviously Rj^ represents the part of the displacement pro 
duced by the electnc field E^ while R, is the part due to the 
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natural motions of the electrons mside the atom as modified bj 
the presence of the magnetic field Smce is m general 
negligible compared to e the particular solution may be obtained 
to a sufficient degree of accuracy from the ecjuation 

R^+2ZR^+**R^ = 1e, (11) 

Now if there are N atoms per unit volume and each of these 
contams n electrons the current produced by the bound electrons 

is given by — 

pM = NneBi^ + NneR.^ 

While eR, may vary greatly from one electron to the next 
it IS evident that eR^ will have more or less the direction of 
the average electric mtensity Consequently the contribution to 

eR^ 

due to the entrance of new electrons into the volume element t 
through which the average is being taken will be negligible com 
pared to the part of this quantity dependent upon the electrons 
already mside this region Therefore 


eRp=eR^ 

and i5v=iVne^+iVneR^ (12) 

If the electrons mside the atom are subject to different re 
stormg and resistmg forces this equation must be replaced b} 

pv=w2«^+w2«eRo (IS) 


wheie n denotes the number of electrons of type % mside 
each atom 


The electric polarization or electric moment per unit volume is 


defined as 


P = iV«eR^ 


or if each atom contams more than one type of electron 
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Hence (13) may be written 

J^ = P+\'^neR^ (14) 

At first sight it w ould seem as though must always vanish 
In a magnetic substance however this is not necessarily the 
ease as will now be shown 

Suppose that foi certam t)pes of electrons the dampmg 
coeflficient I in equation (10) is zero and that the motion is 
constrained to a plane Ihen motion m a circle with eon 
stant frequency is a solution of this equation A substance 
each of whose atoms contams one or more rmgs of electrons 
re\ohmg about their respective axes is said to be magnetic 
The electrons m each nng will be assumed to be evenly spaced 
and to have a constant angular velocity Q about the axis 
of the rmg so long as the external magnetic field remams 
unchanged 

In the presence of a magnetic field each electron will be 
subject to a force which will tend m general to change the 
radius of the ring and the frequency of revolution More 
over the rmg as a whole will be acted on by a torque which 
will tend to orient it The force on an electron resultmg from 
the magnetic mtensity due to all causes external to the 
atom m which it hes is giv en by 

K = J(vxH,) 

= J(£2xR,)xH, 

as R, IS measured from the center of the rmg The torque about 
this pomt IS — 

g=2r.xk 

for the entire nng The form of this expression shows that G 
IS perpendicular to Q Denote by <f> the angle which makes 
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with the plane of O and Then if 0 is the angle betTveen 12 
and the component of the torque parallel to the plane 
of these two vectors is 

(?ii = - smBsm^ cos ^ 

= 0 


and the component 




at right angles to this plane is 

2 e ^ 


where n is the number of electrons m the rmg The quantity 


2 c 


IS called the magnetic moment of the rmg Therefore the torque 
IS given by G = M X H, (lo) 


Denote bj- dN the number of atoms per unit volume in which 
the axes of the rings of electrons have a given direction Then 
the vnteneity of magnetization or magnetic y 
moment per unit volume is defined as j „ 


I = iVM 



MdiV 


or if each atom contams more than one 



Consider a rmg of electrons whose center is located on the 
Xaxis (Fig 15) at a distance p to the nght of the ongm Denote 
by 6 the angle which M makes with the axis and by <j> the 
angle which the MX plane makes with the XY plane It is 
desired to find the value of ^ _ 
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due to electrons m this iing which lie to the right of the YZ 
coordinate plane E\ identl} this sum will differ from zero only 
if the nng is cut b> tlus plane that is if 
— <p <F^&md 


Moreo\ er it is obvious that this sum will ha\ e no component 
m the 1 direction If is the angle between and the mter 
section QP of the plane of the ring with the MX plane 



integrated from 
to 



Therefore 




ne£l V-Pq sm d—p 
IT sm ^ 


sin<^ 


Summmgup over a pnsm of unit cross section extendmg from 
p = — Pj, sm ^ 

to p = jP^ sm 0 

the y component of the current to the nght of the YZ plane due to 
all rmgs which are cut b} a unit area of this plane is found to be 


sin S-P dp 

= c J'Msmd sm (j>dN 


-f 

= cl 


^dN 


Similarly S(2®^o) =- cTj, 

and m general, ]^(^eRg)= cl x n (16) 

where n is a unit vector normal to the surface on the positive 
side of which the current is to be computed 
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Consider a volume element t of dimensions Ar Ar The 
current contamed m it on account of those rmgs of electrons 
which are cut bj the sides perpendicular to the X axis is 

cl X lA^A. -.c(l+^Ax^x 1 At/Az 
T herefore tal mg the six sides of t mto account 


NneR^ = eV x I (^ 17 ) 

or if each atom contams more than one ring of electrons 

eR^= cV X I (18) 


Hence the entire current due to bound electrons is gnen b} 
iov = P + cVxI (19) 

Consider a medium in -which there ma\ exist currents due 
both to conduction by free electrons and to the displacement 
of bound electrons Then it follows from (8) and (19) that 


Q = CE + P + cVxI 
and equation (6) becomes 

Vx(H-I) = i(I + P + C'l) 


(20 


latio of 
rength L 

(49) 


In accord with the usual practice put 

D = E + P, 

and B = 5 

The vector D is called the electtio displacementy/ 
magnetic induction The average magnetic mtensit 
causes other than the mtensity of magnetization I of i 
is usually denoted by H As this letter 1^ beer 
another meaning m the precedmg pages tlQ qi 
designated by L Then omitting stroke syf ^ti ^ unit} 

^xL = -(E+P-y^ orient a rmg of electrons 

j /-oiN i. on such a rmg has already 

and comparison with (21) shows o ^ 

L = B- 
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5>mce It vanishes with B and I As B is the total average mag 
netic mtensit;^ I represents the average magnetic intensity 
produced by the magnetization of the medium Equation (21) 
may now be wntten 

VxL = i(D+CE) (22) 


Retummg to (20) it follows that 

V Q = C'V E+VP 

and V Q-cJVEdt+7 P (23) 

as Q and P vanish everywhere when no external field is present 
Therefore omittmg strokes equation (3) becomes 


V 




V Edt 


(24) 


Hence the equations of the electromagnetic field m a medium 
ontammg both free and bound electrons take the form 

'7D=~cf7Edt (2o) VB = 0 (27) 

to 

the E=-iB (26) VxL = i(D + C7E) (28) 

all r ^ ^ 

field is mvestigated from the macroscopic pomt of view 
y noted these equations apply whether or not the 
homogeneous or isotropic and they are vahd in the 
'^tact of two media 

uht on to the processes of conduction and displace 
fees p and currents pv are produced by convection 
jj^diua the eleetromagnetio equations for this most 
^bu^ he form 
Similarly » f 

and m general, 

where n is a unit 
side of which the 


^(29) VB = 0 (31) 
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38 Specific i^uctive capacity In older to obtain the relation 
between P and E and hence between D and S it is necessar} to 
solve equation (11) of the preceding section The following dis 
cussion will be confined to the case of simple harmonic fields 
a steady field bemg considered as a simple harmonic field of 
zero frequency The electric and magnetic mtensities are gii en 
by the real parts of the foUowmg complex quantities 


E = V- 


dt 

fence the solution of (11) is 

& 




and P IS given by 


P 

Nn- 

WMi 




To find the relation betT^ = — 0 ~ ^ 
center 0 (Fig 16) of each- 

if Ej is the average le medium is defined as the ratio of 
withm one of these to the external field strength L 

electrons which it co r consideration 


E^ = l 

Evidently E^ h 
the displacement 
temal field 
given approxin''" 


/ torque c 

G = MxH, 


n lb known as diamagnetum and is 
the permeabdity less than unitj 
egree by bismuth 

^c field to orient a rmg of electrons 
e torque on such a rmg has already 
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atom, and to onent this rmg To deteimme the magnitude of 
the first effect mtegrate both sides of the equation 

VxE =--H, 

e 

over the surface bounded by a ring of electrons Then 
J VxE, = H, da- 

it by Stokes theorem 
where J'V X E, dcr = J’e, cZX, 

ht hand member is mtegrated around the rmg 
Put done on the rmg when the magnetic field is 


Then omitting' ^^_neSl 


and 


>» -Ai 


di&j 


*7 'D=-C j (25> JH, 


(44) 


E= B 

all K 

X 


(26) potential energies of the 


field IS mvestigated from the ma. 
y noted these equations apply % 

\homogeneous or isotropic and i 
^tact of two media *5^ 

dit on to the processes of condu X 
fees p and currents pv are produ ^ 
q||fiediu^ the electroma^etic equ^ 

*^e form (46) 

Similarly ^ T 

, , \(29) V B =a 0 t which work 

and m general 

where n is a unit vector ^ V x L= - (D + ^7E 4 (46) 

side of which the current is^ 
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Let a be the angle which M makes with If mitiall}^ the 
axes of as many atomic rmgs pomted in one direction as m an^ 
othei dl has the direction of and is gi^ en m magnitude bj 



dlfcosadiV 


eMdH^ r 

2 mile J 


cos adV 


NeM 

6«iOc 


dH^ 


(47) 


To find the relation between dS^ and dS describe about the 
center of each atom a sphere of volume 1/A Then if is the 
average magnetic mtensity withm one of these spheres due to 
the electrons which it contams 

But it has been shown that the average magnetic mtensitj 
due to rmgs of electrons is equal to the mtensity of magneti 
zation I T^ierefore as t, = w 

it follows t t 

and 




= L 


dl = - 


NeM 


6mXlc 


dL 


(48) 


The perTficahility fi of the medium is defined as the ratio of 
the magnetic mduction B to the external field strength L 
Therefore m the case under consideration 


MM 
6 mClc 


(49) 


The effect under discussion is known as diamagnetism and is 
characterized by a value of the permeability less than unitj 
It IS shown m the greatest degree by bismuth 

The tendency of a magnetic field to orient a rmg of electrons 
will be considered next The torque on such a rmg has already 
been shown to be r _ w v tt 
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Let H be the a\erage total magnetic mtensitj mside a sphere 
ot \olume l/^ described about the center of the atom under 
consideration and let Hj be the average magnetic intensity 
Mithm this sphere due to the electrons which it contams Then 

where e^ identic has the direction of M Therefore 

G = M X H (50) 

Consider a rmg of electrons which is lotated from a position 
V here M is perpendicular to H to one where M makes an angle a 
with H The potential energy acquired is 


JJ —MH j smada 
= — MH cos a 


= -M H 


(51) 


Therefore if the tendency of the magnetic field to bring all 
the atomic rings into hne is opposed only by the disorganizing 
effect of thermal agitation the number of rmgs per unit volume 
whose axes make angles with H beti\ een a and a + d'a is given by 

d'S — '^Ae smada 


XH 


= ^Ae sm ada 

where T is the absolute temperature and \ltT the average 
kmetic energy associated with each degree of freedom 
Integrating the constant A is found to be given by 




Nx 


x= 


sinha; 

MS 

ikT 


where 



MATEEIAL MEDIA 


lOo 


The magnetic moment per unit volume has the diiection of B 
and IS given m magnitude by 



M cos adN 


=zNM 


f cosh a; 
\smha: 



(o2) 


As B mcreases I does also approachmg the saturation \alue 
AAf for large values of the field For small fields 

O 


_2JVM 

~^hT 


(53) 


showing that the mtensity of magnetization is proportional to 
the strength of the field The permeabihty is gn en by 


. , 2iOf* 
hT 


(o4) 


The effect under discussion is known as paramagnetism and 
is characterized by a value of the permeability greater than 
unity It IS shown to an exceptional degree by iron m which 
the effect is given the special name of ferromagnetism The theory 
given above cannot be considered as moie than \ery roughly 
approximate to the facts especially as it gi\es no explana 
tion of hysteresis or the laggmg of the magnetization behmd 
the field 

40 Energy relations From (30) and (32) it follows that 
L VxE-E VxL = --(E D + LB)--(CE'®+pE v) 

C c 

But L VxE-E VxL=V (ExL) 

Hence 

— (jeE^+ nL^ + cV (E X L)+ CJE? + pE v = 0 

cit LJ J 
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Integrating o\ei an} arbitiaiilj chosen portion of space and 
appljmg Gauss theoiem to the second term 

(ExL) d(T+(CL +joE v)c?T=0 (o5) 




The third term of this expression measures the rate at wbch 
work IS done bj the electromagnetic field on the conduction 
and eoniection cunents m the medium Followmg the Ime of 
reasoning pursued m section 28 the conclusion is reached that 
the first term represents the rate of mcrease of energy of the 
field and the second the flux of energy through the surface 
envelopmg the field The forms of these expressions suggest that 

li = 1 (jcE + jai ) 


is to be considered as the electromagnetic energy per umt 


volume and 


s = c (E X L) 


as the flow of energj per unit cross section per unit time 
41 Metallic conductivity In developmg the electron theory 
of metalhe conduction the atoms in a metal may be treated as 
immobile compared with the electrons Conduction currents of 
electncitj m a metal will be supposed to be due entirely to the 
dnft veloeit} of the fiee electrons m the direction of an im 
pressed electric field and heat conduction will be attributed to 
the transport of energy by these electrons from one atom to 
another m the direction of the temperature gradient 

If M IS the average velocity of an electron due to thermal 
agitation and I the a%erage path described between colhsions 
with atoms the number of times an electron strikes an atom 
per second is given by 




Material media 


107 


As \mu^ = lkT 

the electncal conductivity is given by 


Ae hi 
QkT 


(o6) 


In determining the heat conductivity take the AT avis m the 
direction of the temperature gradient Consider an electron 
which IS just about to collide with an atom at a distance x from 
the ongm This atom will have on the average a kmetic energy 

^kT 


but the electron will have the energy 

^ \ dx J 


of the last atom with which it collided where 6 is the angle 
which the electron s path makes with the X axis Durmg the 
collision the electron will come mto thermal equihbnum with 
the atom givmg to the latter an amount of energy equal to 


2 dx 


I cos 6 


Now the number of electrons per unit volume whose paths 
make angles between 6 and 6 -\-dQ with the X axis is 

i iVsm ddO 

and the number of these which pass through umt area at right 
angles to the X axis m unit time is 

l Nu cos 6 sm dd6 


Hence the flux of energy is 

dx 4 dx 


I 


cos^^ sin 6dd 


=-\muk^-^ 

2 dx 


givmg for the thermal conductivity 

E= i Nluk 
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The ratio of thermal to electrical conductivity 



Aaiieb directly with the absolute temperature and is the same 
for all metals at a given temperature Its value for anj tern 
perature depends onl\ upon the universal constants h and e 
whose valuetj may be determmed from experiments havmg no 
connection with the metalhc conductor m question The ratio 
of the conductu ities as thus computed is m fair agreement 
with the ratio as determmed directly by experiment 
In obtammg the expressions for the conductivities given 
above use has been made of the aierage velocity of thermal 
agitation and the average length of path between successive 
collisions A more exact calculation gives a slightly different 
numerical coefficient for the ratio but one which shows rather 
worse agreement with the experimental value of this quantity 
42 Reduction of the equations to engineering form If free 
charges and currents — either conduction or convection — are 
present in a material medium the equations (29) to (32) 
section 37 of the electromagnetic field may be wntten in 
the form 

V =- V ]at (59) V B = 0 (61) 

VxE = -^B (60) VxL = i(D + j) (62) 


where J is the current densitv that is t 

section Moreovei ^ . 

J=CE+/3v 

D = E + P 


= «E (64) 

B = L + I 


= ( 65 ) 

The quantities involved m these equations are measured m 
Heaviside Lorentz units If the same quantities as measured 
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m electromagnetic units are designated by letters with the sub 
script m and as measured m electrostatic units by letters w ith 
the subscript « then 

p = cV4 '7rp^=y/-i7rp 

J = eV4^j„=V4^j^ 

P = e V4 = V4 ttPj 
I=V 4^I„=cV4^I 
D = cV4 7rD^=V4 wD 

B = — =— 

V4^ ” V4^ 


E = — 
eV4 IT 


V47r " cV4 TT 



C = 4'n-<? C'„=47-C' 


Therefore in electromagnetic units the field equations take 
the form 


VD„ = 

-j’ 

JJt 

(66) 

VB„=0 

(68) 

VxE„= 



(67) 

VxL,= 4w(D„+JJ 

(09) 

where 


1 


,+ p V 

(70) 



D, 

1 

" 4 7rc 

E„+Pm 





K 

4 7r(? 

E. 

(71) 



B, 

B=Bm + 

47rl„ 







(72) 

In electrostatic 

units these equations are 


V D = 

P' 

(78) 


V B =0 

(75) 

Vx E = 

-B 

(74) 


VxL =47r(D +J^ 

(7b) 
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where the charge accumulated at any pomt has been denoted by 


p' mstead of 

1 

> 

1 


and 

J ^CE^+pv 

(77) 





4 nr 

(78) 


B =1l 4-4'7rI 

e 



cr 

(79) 


In practical apphcations of electrodjTiamics these equations 
are generallj made use of m mtegral form For mstance con 
sider a small charge e permanently at rest at the center of a 
sphere of radius ? Integratmg (73) tliroughout the region 
enclosed by the spherical surface 


But 





bj Gauss theorem 


= 47rr D 

Hence 


D = 


e 

4 wr” 


and by virtue of (78) JE = -^ 

Agam mtegratmg (67) over a surface 


( 80 ) 
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But by Stokes theorem 

f VxE„<io-= 

where the line integral is taken along the boundary of the 
surface Therefore „ 

B^diT (81) 

which IS the usual form of Faraday s law ot current mduction 
Similarly (69) leads to 

dX= 4 wj" (D„+ J J da (82) 

which IS the form in which Ampere s law is generally expressed 



CHAPTER \III 


ELECTROMAGITETIC WAVES IN MATERIAL MEDIA 


43 Isotropic non conducting media For wave lengths long 
compared with atomic dimensions the electromagnetic field is 
specified b} equations (2o) to (28) of the last chapter For 
non conductmg media these take the form 

VI>=0 (1) VB=0 (3) 

VxE = -iB (2) VxL = 1d (4) 

6 O 

where D = /cE 

B = fiL 

Eliminating B as in section 29 it is found that 



WE - ^ E = 0 

c 

( 5 ) 

or elimmating D 

VVL-i^L=0 

C 

(6) 


These are equations of a v a\ e tra\ ellmg with velocity 




(J) 


The permeability of all substances is practically unity for 
fiequencies as great as that of light Hence for light waves it 
IS permissible to write c 

( 8 ) 


The index of refraction n of a medium is defined as the ratio 
of the velocity of light in taeuo to that in the medium 
Therefore n =k (9) 

and as was shoTvn m section 38 


K 


— 


n 

CO — 2 tool 


11 ^ 


( 10 ) 
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In the case of a plane wave it is often convenient to make 
use of the wave slowness S m place of the wave veloeit} V 
This quantity is defined as a vector havmg the direction of the 
wave velocity but equal in magnitude to its reciprocal Hence 
the mdex of refraction may be defined as the ratio of the wa\ e 
slowness 8 m the medium to the wave slowness 8 , xn vacuo 
The electric mtensity m the case of a simple harmonic plane 
wave advancmg m a direction makmg angles a /S 7 with the 
X Y Z axes may be expressed m terms of the wave slowness 
by the real part of - > 

which IS far more compact than the equivalent expression 

/ + P+ V \ 

mvohing the wave velocity 

Equation (8) shows that the wave slowness is given bj 

6 = 8,-^lc ( 11 ) 

where k is in general complex To show the significance of a 
complex wave slowness put 

S = S' + zS" 


where S' and S" are real Then 
E = F,e- s 


,io(S - ) 


.. - (12) 

showmg that the imaginary part of the wav e slow ness measures 

the damping of the wave as it progresses into the medium 

whereas the real part determmes the actual velocitj of propa 

gation The same statement apphes to a complex mdex of 

refraction If , n 

n = v(l+tx) 

where ^ and x ^^6 real it follows from (10) that 

n (Jc^ — <0 ) 


»*ci-/)=i+i^^2 


(k — + 4 cu / 


^ (k — 


Qc -a»0 


(IS) 

(W) 
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For the portion of the spectrum to which these expressions 
are to be apphed it will be assumed that 


k"^U-^ITnt 


Then 

and 






(15) 


(P-a,*) +4©®P 
approximately Consider the denommator 

(F-a)")*+4®*Z* 

of one of the terms m the right hand member of this equation 
Except for the region where © is very nearly equal to k the 
second term of this dencmimator is negligible compared to the first 
Withm this region the first is negligible compared to the second 
So if IS plotted agamst m a region extendmg from ©j to ©® 


such that hes between ©^ and ©^ 


and \ \ etc he outside 


this range 


jr=l- 


iVn, — 
* m 


Nn 


m 


h 


© 


\ — CO 


•etc 


(16) 


except m the neighborhood of k^ where 
iVn, -(**-©) 


1/^ = 1- 


'm 


Nn - 
m 


4©Z* 


*1- 


etc 


<o‘ 


( 17 ) 


Plotting each term separately the dotted curves of Fig 17 
are obtained Adding these curves the full line curve is found 
to give the relation between and o)* The portion of the curve 
from A to B corresponds to regular dispersion the index of 
refraction increasing as the frequency becomes greater whereas 
the part BC accounts for the anomalous dispersion observed m 
the neighborhood of an absorption band It must be remem 
bered that the mdex of refraction refers always to the phase 
velomty of a tram of waves Hence the fact that this index 
becomes less than unity on tiie short wave length side of an 
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absorption band may not be adduced to show that an electro 
magnetic signal can be despatched with a velocity greater than 
that of hght xn vacuo In fact Sommerfeld has shown that the 



Fig 17 


forerunners of a limited tram of waies traiel with the same 
velocity e m all media and are unde\ lated when thej pass from 
one medium into another 

44 Anisotropic non conducting media For wai e lengths long 
compared with atomic dimensions the first foui equations of the 
electromagnetic field are the same as for isotropic media The 
relation between D and E however is different as the atoms m a 


body which is not isotropic must be supposed to exert different 
restormg forces m different directions Hence equation (36) 
section 38 for the polarization must be replaced by the more 
general relation p ^ + Cj IS) + 

and s imil ar expressions for P and P In the followmg dis 
cubSion dampmg will be assumed negligible Therefore the 
coefficients of the components of E will be real though func 
tions of the frequency of the radiation traversing the medium 


In vector notation 


P = i}rE 


(18) 


where ilr is the dyadic 


+ +e j] +ejk 
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If u denotes the energy per unit volume of the medium, 

dM = EdP 
“ ^ 

+ (€j A? + ) dE 

Now the law of conservation of energy requires that this 
expression shall be an exact differential Therefore 

and the dyadic i}f is self conjugate Hence by a proper choice 
of axes i|f may be put m the form 

ij/seu + e jj + ekk. 

Isow D~E + P 

= (l+x{;)E 

Put $= /c m-zc^jj + zckk, 

where /c =l + e 

K Sl + Cj, 

K =l + € 

Then D = § E (19) 

showmg that the specific inductue capacity is a dyadic mstead 
of a scalar factor as m the case of an isotropic medium For 
D and E are not m general in the same direction in a medium 
w hich is not isotropic Elitnmatmg B and D from equations (1) 
(2) (3) (4) and (19) it is found that 

VVE-VVE-^$E = 0 (20) 

Confinmg attention to plane waves the electric mtensity and 
displacement are given by the real parts of 

E = E ) 

0 

and D = ) 

respectively 

Therefore dE = dr (t®S) E — di ^a>E 

But dE = dr VE + dtE 
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Compai mg V = zojS 

and ^ = — 10 ) 

dt 

Hence (20) becomes 

)So"§E + SSE-SSE = 0 (21) 

Multiplymg by S it is seen that 

SD = 0 

or the vector D is at nght angles to the direction of propa 
gation of the wave Moreover equation (21) shovs that D E 
and S are m the same plane 

The magnetic mtensity may be found from (2) This equation 
SxE = S.l 

showmg that L is perpendicular to both S and E and hence 
to D The vectors D and L he m the va\e front although E 
makes an angle with this plane The flux of energy is gi\ en bj 

s = eE X L 

which is a vector at light angles to E m the plane of D E and S 
Fig 18 shows the relative directions of the \ectors under 
discussion Smce the flux of energy is not along the •\^a^e 
normal limited wave fronts Mill side 
step as they advance as mdieated m the 
figure A Ime drawn m the direction 
of the flux of energy is 1 nown as a ray 
and the velocity of propagation of energj 
along this hne as the ray velocity 

Consider an mfinite number of plane 
waves passmg through the ongm at the 
time 0 m all directions the vector D 
havmg all directions m the wave front 
The envelope of these plane waves one second later is known 
as the Fresnel wave surface To find the equation of this sur 
face it IS necessary to obtain from (21) a relation mvohmg 
the wave slowness as the only unknown quantity that is, an 
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equation between S S, and § which is true for all possible 
directions of E Equation (21) may be written m the form 

+ SS - S SI) E, = 0 (22) 

where I is the idemfactor 

u+]] + kfc 

The djadic m the parentheses m (22) causes the vector E^ 
to vanish Hence either its antecedents or consequents must be 
coplanar This djadic maj be written m the expanded form 

{(d;« - S - S )i + 5„<S J + N6^}1 

+ {SSi + {S,k^-6 

+ [SSi + S^Sj + (6,^/c 


As the consequents are not coplanar the antecedents must 
be Therefore the scalar triple product of the latter must vanish 

'XiS.K -S +5,)(-S** -S^+S ) 

-S^S\S,K -S^ + S -S^ + S^) 

-S +S )+2N S^S^=0 

or reducmg 

1+ 0 

lil m n are the direction cosmes of the wave normal this 
equation becomes 

_J!_+_^+^f_==o 

-- -h^^V - " 


where F is the wave \ elocity and 





(28) 
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The equation of a plane wave advancing in the direction 

specified by Z w w is , , , „ 

^ •’ lx + my + nz = V (24) 

one second after leaving the origin where I m n satisfy the 

condition 72 ■ 2 . 2 ^ x 

r+m®+n®=l (2o) 

The Fresnel wave surface is the envelope of the family of 
planes obtamed by varying I m nm equation (24) subject to 
the conditions specified in (23) and (25) This surface is most 
easily found by differentiating (23) (24) and (2o) and ehmi 
natmg I m n and V by means of the origmal equations The 
equations obtamed by differentiatmg are 



xdl + ydm + zdn = dV 

(26) 


Idl ■\-mdm-\- ndn = 0 

(27) 


Idl , mdm , ndn 7xrjTr 

(28) 

where 

1 - |. 4. 

"•“(F®-a®)* (V^-hy (F*-c®)® 

(29) 


Let —p and — g' be factors by which (27) and (28) respectively 
may be multiplied so as to elimmate dl and dm when the three 
equations are added together As the other differentials are 
mdependent of one another the coefficient of each differential 
m the sum must vanish givmg 

y=pm + q-P-rr^ > (30) 


l=qhV (31) 

Multiplymg equations (30) hj I m n respectively addmg 
and makmg use of the origmal relations (28) (24) (25) it is 
found that p = Y (82) 
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Squaring and adding the two hides of equations (30) 

r= j>*+ q k 

the product term disappearmg on account of (23) Combining 
with (31)and(32) q = (f-V)V (38) 


or 



, (30) the 

^ alues of jt> and q just found 

V(r--r)l 

VI Cr- a®) 


‘-a® 

F®-a® 

X 

VI 

x-Vl 


Y - a?' 

“r®-F® 

y _ 

Vm 

y — Vm 


J -J®' 


z 

Tn 

s — Tn 

'T— 6 

V -c®' 

r— T 


\ 

1 . 

Y 




(a) 


Multiplying these equations by rr y respectively and adding the 
required equation ^ -.2 ^ 

of the Fresnel wave surface is obtained 
In discussing this surface it will be considered that 

a <h^<<? 

The trace of the surface on the iZ coordinate plane is 
expressed by tw ^ \ 

which is a circle mside an ellipse as m Fig 19 (a) On the ZX 
plane the trace is 
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which IS a circle cutting an ellipbe as m Fig 19(5} iinalh 
the trace on the XI plane is gi\en by 

which IS an ellipse inside a circle as in Fig 19(e) 

One octant of the surface is represented in Fig 20 (a) and 
a section through the point P is shown in 20 (5) As D lies in 
the plane of the wave normal and the ray this vector must be 




Fig 20 


tangent to each of the elliptical traces as mdicated bj arrows 
m the eombmed figure Consequently it must be peipendicular 
to the planes of the circular traces 

The primary optic axes of a cr) stal are defined as those direc 
tions m which the wave velocity is mdependent of the state of 
polarization that is the direction of D m the wa\e front Hence 
the perpendicular OQ to the tangent QT [Fig 20 (a)] is one 
of the primary axes The other is also m the ZX plane makmg 
an equal angle with OX on the other side of the X axis A 
crystal which has two optic axes is known as liaxtal Ob\ lousl'v 
there can be no more than two such axes Smce the constants 
which determme the mtercepts of the Fresnel surface depend 
upon the three pnncipal specific mduetive capacities, which are 
themselves functions of the wave length the directions of the 
optic axes of a biaxial crystal vary with the wave length 
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The secondary optic axes are defined as those directions m 
which the ray \elocity is independent of the state of polari 
zation One secondaiy axis has the direction OF the other 
making an equal angle with OX on the other side of the X axis 
A uniaxial ciy stal is one m which two of the quantities a b e 
are equal If b and c are equal the crystal is said to be po&tive 
or prolate The Fresnel wav e surface is shown m Fig 21 (a) 



There is only one axis and there is no longer any distmction 
between primary and secondary axes Moreover the direction 
of this axis IS independent of the wave length 

If a and h are equal the crystal is said to be negative or 
oblate The Fresnel wave surface for such a crystal is shown in 
Fig 21 (J) 

45 Reflection and refraction Consider a tram of plane waves 
mcident at an angle (Fig 22) on a plane surface separatmg 
two transparent isotropic media The mcident light will be 
partly reflected and partly transmitted Let be the amplitude 
of the electnc vector m the mcident radiation A' that m the 
reflected and A^ that m the transmitted radiation Then the 
coefficient of reflection Ji is defined by 



and the coefficient of transmission T by 

A 
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Let the subscnpts 1 and 2 refer ie&pecti%elj to the inerha 
above and below the plane 01 In the case of the uppei medium 
letters without prunes will refei to the mcident light and letteis 
with primes to the reflected hght Attention wiU be confined 
to electromagnetic radiation of wa^e length long compared to 
the distances between adjacent molecules of eithei medium 
Hence equations (1) to (4) mclusn e specif) the field '\Ioleo^ ei 
if the media under consideration are transparent the damping 
term in expression (10) for the specific 
mductive capacity is negligible and 
this quantity is real 

Choose axes as mdicated m the 
figure the Z axis extendmg upward 
from the plane of the paper Consider 
a short pill box shaped surface w ith 
bases parallel to the IcZ plane and axis 
bisected by this plane Integratmg 
(1) over the volume enclosed bj this 
surface and transformmg the volume 
mtegral mto a surface mtegral by 
means of Gauss theorem it is found 
that the components of D normal to the surface of separation 
are the same on the two sides of this suiface A similar relation 
between the normal components of B follows fiom (3) 

Consider a rectangle of which one pan of sides is ^ ei^ much 
longer - Gian the other so situated that the short sides are perpen 
dicularly bisected by the YZ plane Integratmg (2) o^er the 
surface bounded by this rectangle and transformmg the left 
hand side of the equation mto a Ime mtegral b} Stokes theo 
rem it is found that the components of E parallel to the surface 
of separation are the same on the two sides of this surface 
provided B is not infinite at the surface A similar relation 
between the parallel components of L follows from (4) 

Suppose the electric vector m the mcident wa\ e to be perpen 
dicular to the plane of mcidence that is the hght is polarized 
m the plane of mcidence Then the x and y components of the 



\ 

Fi 
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eleetnc intensity aie zeio for each wa\e and the z components 
are given bj the real paits of 

E^'=k4le‘‘i (- '■ + ■<’>- 

Ej =k4 c “ ( + *)- > 

Hence remembeimg that ?i = — 

\ 

= ci> 


and that the peimeabilit^ is unity for the frequencies undei 
consideration it follows fiom (2) that 


= lA'jJij sin <f>^ — cos 

LI = iA’/Hj sin <f>^+}Eln^ cos 
= i-E n sin tf) —}En cos (f> 

showing that L[ = E['n^ andX==A?i 

Therefore the lelations between E and L on the two sides of 
the surface of separation lead to the thiee equations 

L^->rE\=E (8o) 

(E-\-E')n sin^j=A^?i sin^ (36) 

(E^ — E!^n^Q,Oh^^ = En cos<}> ( 37 ) 

From (3t>) and (36) it follows that 


sm 4>^ ^n 
sm <f> 


(38) 


the famihar relation attributed to Snell Dividing (37) by (06) 


E^ —El _ sm ^ cos ^ 
E^ + El sm<j> cos(f>^ 


(39) 


Now the exponentials in and El are the same when z is 
zero Hence the electric mtensity may be replaced by its ampli 
tude m this equation Thus 


1— _ sm cos (f> 
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deternunes the coefficient of reflection for the case wheie the 
electnc vector is perpendicular to the plane of incidence Soh mg 

sm«^2Cos^j+sm<^jC0fa^2 ^ 

To find the coefficient of transmission ehmmate lietween 
(35) and (39) Smce it follows from (38) that the exponentials 
in and are the same when x is zero the electric mtensitv 
may be replaced by its amphtude as before Hence 

2 — _ sm cos (f> 

sin cos 

. „ 2 sin A cos (i, , , . ^ 

In the ease where the electric ^ eetor is in the plane of incidence 

Ej^= {— i^^sin^^+jJjCOS^Je" ^ f 

= {— lAl sm — ] 4/ cos e ^ 

Ej= {— 1^ sm^ +j 4 cos<^ } e ^ 

and it follows from (2) that 

Lj^ = kA'jWj 

L; = k^:;H 

L, = kA'w 

In this ease the relations between E and L on the two sides 
of the surface of separation lead to the three equations 

(A^j+A^J)Wi sin n sm(^ (12) 

(^L^—F[')cos(p^=F cos<f) (43) 

(F^ + F^)n^=Fn (44) 


^ + 0 ). 


' ( « + 


These equations lead to Snells law and the followmg ex 
pressions foi the coefficient of reflection jK|| and coefficient of 
transmission 

p _ sm cos 4>, — sm<f) cos <f> _ tan («^, — ^ ) 

'' sm cos + sm cos tan (<^j + <|> ) 

T _ ■ 2smj>.co&^, 

" sin(<^^ + <^Jcos(<|)j-<^) 


( 46 ) 
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Examination of the four coefficients of reflection and trans 
mission shows that i*|, is the onlj one which can vanish The 
polaruing angle Oj is defined as the angle of incidence for which 
this coefficient becomes zeio Therefoie 

tan + )= 00 

and and are complementary Consequently 

Consider unpolarized hght stiil mg a suifaee at the polarizmg 
angle The energj associated n ith the component of the electric 
vector m the plane of meidence will be entirely transmitted 
Consequent!} the reflected hght will consist altogether of radia 
tion m which the electric vector is at right angles to the plane 
of mcidenee Although polarization bj reflection should be 
complete at the polarizmg angle experiment does not show it 
to be so This is largelj due to imperfect surface conditions 
If IS greater than n the mcident radiation may be totally 
reflected For convenience the discussion will be restricted to 
the case for which ^ ^ 

= H > 1 
« =1 


Then foi total reflection 

and sm ^ sm <j>^ 

IS greater than umly and 

cos ^ t= 1 Vjj^sm 1 

IS imagmary Reference to (40) and (45) shows that both 
coefficients of reflection will be of the form 


a — ih 

-=e' 

+ lb 


= (o+y ' 

(O+y 


Therefore 
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showing that total reflection has produced an alteiation in phase 
without change in amphtude 

Consider the transmitted raj m the case of total reflection 
E^= 4e 

and as cos <^2 is imagmai\ 

E = A e~ e ^ '^1 


where 17 = 5> cos <j} 

This IS a -nave travelling along the surface with an amplitude 
which falls off exponentialljr with x 4s the wave does not 
pass across the suiface no eneigj is taken fiom the mcident 
radiation 

46 Rotation of the plane of polarization Consider a beam of 
monochromatic plane polarized hght tra\ elling through a trans 
parent medium in the direction of an impressed magnetic 
field H Choose axes so that the X axis is parallel to H Fol 
lowing the method de-v eloped m section 38 it is found that 
equation (9) section 37 leads to 


R 


e 

m 

k —CO 



} 


where the term mvolvmg the damping constant I m the denom 
mator of the outstandmg factor of the light hand side has been 
omitted as the medium is transparent 
Solvmg foi R 


E 


■ 1 — 

— { 

7-r ^ 


z- 4. HE 


1-^4H 
<r 


} 


Q} 


i^H 


4E + t'^iSE^ 


A = 


e 

m 

— CO 


where 
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Theiefore dropping the strokes 


CO 


D = kE — ^ — 6 IHE 


where 


CO 


D = fcE 4- i — € 4.HL. 


/C = 1‘ 


c 

jSmA 


1-^4^ 

c 


€ = 


^?ie4 


/c — 1 


l^-AE 


Hence in \ector notation 


(O 


D = /cE — ^ — €4 ExH 


(47) 


Since the electric intensity is at right angles to the direction 
of piopagation VE = 0 

and elimination of B from the field equations (1) (2) (3) (4) 


gi^es 


V VE = -D 

<r 


(48) 


the relation between D and E being specified by (47) 
Now 

o E 


E = E„e 


Therefore V VE = • 


car 


^coe- Ox i 


and 




ta « _ . 0)" _ „ 

E» + e — e4EaXH 


■^0 * Q 

€ C® 




Equatmg real and imaginary terms m these two equal 


expressions 


c E^ 
cx 


— — /cS )Eq 


(49) 
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The second of these equations showo that if e is positne the 
plane of polarization rotates m the counter clockwise sense when 
viewed from the source of light Such rotation is called 
Re\ersmg the direction of the applied magnetic field re\erses 
the sense of the rotation Hence if a beam of plane polarized 
light is passed through a transparent bodj along the Imes of 
force of an applied magnetic field and then reflected and re 
turned oier its origmal path the rotation of the plane of 
polarization is not annulled but doubled This magnetic rota 
tion was discovered experimentally bj Faradav m 18-tD 
If the angle rotated through is denoted b'^ a 



^ TTl 

— a> — — Ildx 

2 , 5 ) 


Nne^ m 
Imcv (Jc — ft) ) 


Hclx 


(ol) 


vhere v is the mdex of lefraction Hence the rotation \anes 
with the strength of the magnetic field and the length of the 
path In the neighborhood of an absorption band at approaches 
k and the rotation becomes verj large If the vibratmg part 
of the atom is positively chaiged the rotation will be positive 
when the direction of piopagation is the same as that of the 
magnetic lines of force vhile if the vibratmg part of the atom 
IS negatively charged the rotation will be negative Obvnouslv 
only the component of the field in the diiection of propagation 
IS effective in producmg rotation 

To find the wave slowness eliminate E, fiom (49) and (oO) 
and solve for S Thus 


S -k\ : 

or approximately 


aeS ilf 
4« 

<o 4. IT \ 
8k ) 


( 52 ) 
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47 Metallic reflection A.'s a metal contains both free and 
bound elections the equations of the electromagnetic field take 
the form 


V D = - 

C fv EdI 

(53) 

V B = 0 

(55) 

V xE = - 

iB 

c 

(o4) 

VxL = ^(D + CE) 

(56) 

wheie 


D = /cE 





11 



If 


e 

11 

(S -<) 


then 


V= icoS 





a 

1 

II 

^i-s 




and mtegration with lespect to the time is equivalent to multi 
plication by i/© Therefore the field equations become 

V B = 0 

VxL = -f« + j-^E 
c\ to/ 

These are identical with equations (1) to (4) section 43 for 
a non eonduetmg medium pioi ided the specific mductive capacity 
IS replaced by the complex quantity 

^ C 

CO 

Therefore remembering that the permeability is unity for 
hght frequencies the wave slowness is given by 

+ (57) 

Hence if S = S' + iS" 

then — S" = «S^ 

2S' S" = -So 

CO 

E = E/-“® r-e 


V ^/c+i^)e = 0 

VxE=--B 

( 


and 


(58) 
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Let the YZ plane (Fig 22 p 123) be the surface of separation 
between a region free from matter abo\e this plane and a 
metalhc medium below Consider a tiam ol plane waves mci 
dent on the metallic surface at an angle <f>^ Put 

A = sm >S sin <f)^ 

C^= cos 
C = S cos <f> 

Then equations (40) and (4o) section 45 show that 
P„ A -fiC 


A and being real and C complex 
in the form ^ 


(o9) 

This ratio ma\ be put 


where p and A are real 

Suppose the mcident hght to be polarized m a plane makmg 
an angle of 45 with the plane of meidence Such radiation 
mat be considered to 

j JV p 

consist of two trains of 

waves one polarized in / \ \ 

the plane of meidence \ 

and the other at right / ^ \ 

angles to this plane /C"'' 4 N. / pz \ 

which have the same ^ 

amplitude and are m 

phase with each other 

After reflection these 

two trains of waves may ' 

have different amph p 

tudes and their phase 3 

relation may have been 

changed m such a way as to produce elhptically polarized light 
The ratio of amphtudes after reflection is given by p m equa 
tion (60) and the difference in phase by A These quantities 
may be conveniently represented by means of a graph (Fig 23) 
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m TV inch real quantities aie plotted horizontal!} and miagmaries 
\ertieall} Starting from the oiigui 0 la} off the real component 

(r^=K\ 

of /S® and the imagmary component 

w 

From the same origin lay off the leal quantities 

OQ = i 

^ = 6', 

detemimed by the angle of incidence Then 

(JT=C 

and ^ = C^C 

IS laid off b} bisecting the angle FQN and makmg 

i§7|=''y.iici 

Conneetmg 0 Tvith P and P' 

OP^ i -C^C 
OP = 4+C C 

Hence the ratio of amplitudes aftei reflection is gi\en by 

. = ^ (61) 

lOl-l 

and the difference m phase betw een the two components by 

A=ZP'OP (62) 

48 Zeeman effect Consider an electron which may vibrate 
under the influence of a force of restitution proportional to the 
electron s displacement from its position of equihbrium inside 
the atom The equation of motion of such an electron has the 
components ^ 2 ^ 

m-— ——kx 
dt 
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showing that its natural Mbration has a frequence defined bj 

.=jr 

Nm 

In the presence of a magnetic field H parallel to the Z avis 
the election under consideration is subject to an additional force 

-vxH 


so that the components of the equation of motion become 


d X , , eH ly 

m— = — ki-\ f 

dt c dt 

d y , eld dx 

d ^ j 

m— =— kz 
dt 


Solving these equations it is found that 


X = 

jIjCOs (cfl 

+ ^l) 

and 


- 4jSin((»^# + 8j) 

(63) 

01 

cos (ffl 

►/ + 6 ) 

and 

y= 

4 b,ia(a>i + B ) 

(64) 





cos (mi + S) 

(bo) 

where 



e(o^ 

B = 

a 





me 




or approximately 

Ct) 

1 

= G) + 

e 

2 mt 

H 

(66) 

and 


<0 


B = 

ca 





me 




or 


Q) 

— <£> - 

e 

27nc 

H 

cr 


Equations (63) and (64) represent rotation m circles m the 
XY plane m the negative and positive senses respectively rela 
tive to the Z axis The effect of the magnetic field is merely 
to change the central force from 

Ter 

ler T e^H 


to 
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Consider a body wluch emits light m consequence of the 
•vibrations of electrons ■which aie held in the atoms bj simple 
harmonic forces of the t\pe under discussion Suppose a mag 
netie field to be applied m the direction of the Z axis and let 
the source of light be viewed along the J. axis Vibrations m 
the A dneetion •will emit no radiation in the diiection from 
which the light is being observed Vibrations m the I direction 
■will giv e rise to light polarized with the electric veetoi parallel 
to the I axis of frequencies and while vibrations in the 
Z direction will produce hght polarized with the electric vector 
parallel to the Z axis of frequency a Therefore v\ hen a source 
of hght in a magnetic field is viewed in a direction at right 
angles to the Imes of force each spectral line vmU be lesolved 
into tliree components The central undisplaced component will 
be polarized with the electric vector parallel to the held and 
the two displaced components -with the electric vector at right 
angles to the field 

If the source of hght is viewed along the ^ axis no ladiation 
will reach the observei due to vibrations parallel to this axis 
Vibrations perpendicular to the Z axis will give rise to ciiculaily 
polarized hght of frequencies and ©^ Consequently when a 
source of hght m a magnetic field is viewed along the Imes of 
force each hne will be resolved mto two components circulaily 
polaiized m opposite senses and equally displaced on either side 
of the original hne There will be no undisplaced component 
The sense of the circular polarization of the two displaced com 
ponents depends upon the sign of the vibratmg elections which 
are thus shown to be negative The ratio of charge to mass 
of the negative electron may be calculated from the displace 
ments observed. This method was one of the earliest employed 
to obtam the numerical value of this important constant 

While the results obtained from theory are entirely confirmed 
by expenment in many dases a large number of Imes are spht 
up into more than three components by a magnetic field It is 
believed that these are compound hnes, which the optical 
apparatus employed is not powerful enough to resolve 
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